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Abstract

This thesis is about solving Heat equation. exactly. gencralized heat equation.
which. =olved using Laguerre polvnomials. The heat equation iz an important
partial differential equation (PDI) which describes the distribution of heat (or
variation in temperature; in a given region over time It considers heat transferring
in electrical contact from one side to another. Simple examples to the Generalized
Heat equation are the melting of ice and the {reezing of water. Solving the Heat
equation, known problem in numerous industrial and technological applications.
such as the manufacture of steel. ablation of heat shields. contact melting in
thermal storage systems. ice accretion on aircraft. evaporation of water.

Generalized Heat equation with woving boundary have been solved by Laplace

Transform. My aim is to solve the same cquation by Laguerre polynomials ob-

tained from heat polynomials.

[\




Annorans

STOT TC3IC O PEWIeHT YpaBueHis TCTONPUBOHIOCTI . a MMEeHHO. 000dLIeH-
HOFO YPABHCIIA Tl la. KOTOPbil PCIACTCH ¢ HOMOLILIO HOHIIIOMOB Jlareppa.
YpaBHerile TCITONPOBOIHOCTI ABACTC BAAKHDIM VPABHCUHEN B YACTHBIX TPOII3-
BOAHBIN. KOTOPOE OIMICLIBACT PACTIPEIETCHIC TOIA (I17IT IFMEHCHNC TONTICPATY-
Pbl) B JaHHOM PEIHOHC BO BPEMEHI B 3 TCKTPIMECKOM KOHTAKTE ¢ 0IHOI CTOPOHbI
na apyrvio. Hpoersie npiaiepsr K 00o01meHHos YV Pasieriilo Ter. 101 POBUHOCTLL -
9TO TASHIIC LA T 3aMep3atiie Bo/AbL Petast ¥ pasieniist Ten 10npoBoHoCTL, 13-
BecTHasi NPod.TeMa B NMHOrOUHCTCHIBIX HPONMDBIILICHHBIX 1T TEXHOTOTTIUECKIIN MpII-
JOYKEHIISIX. TaKIe KAk NPOU3SBOACTBO CTATIL, ABIIIS TOHIO3AIUITHBLX IKPAHOE.
KOHTAKTHAs [LTABKA B CIICTEADb] HAKOMICHIISL TOITA. MPHPOCT b Ta HA CAMOICTAN,
HCTIAPEHHE BO,1bI.

Odobuennoe » pagHeHNe TEIIONPOBOAHOCTI ¢ ABUKYLICHC IPaHiLell 6bL10
peleHo nepeodpasoranien Jlantaca. Nost 1e1s cocTonT B TOM. UTOGBI pellliTh
TO ZKe Caioe VPaBHEeHIIe MOIIHOMAMII Jlareppa, moaVUeHHDIMII I3 TeILIOBLIX [10-

JHTHOMOB.




AlLlaTia

OcChl JHCCePTALISLIBIK ZKYMBIC KLY TOHIIeVIH HCHITY ZKall 1bl ZKa3bLIral. HaKTbl-
paK ailTkailia. . lareps HOHONMIAPBIT KO TI1ALA OTLIPBIL AKAIILLIAHEAN ZKbLTY
TCILTOVIH HIeny. ZINb vk Tetgievi = Oerricl Oip alimMakTarsl Vakbir OoiibiHIIA
ZKBLTVIBHL (HERCCe TOMIICPATVPAHDLHIL o3repiciiing) Oip Aarbian ekl AarbiHa
WIEKTP HK Ol IalbIcTa TapaIyhlll CHITATTATITBI MALU3 bl KapThlaail snidge-
PEHILVLIBIK Ter, tev. zINa uibLIanran AbL N TeIIeVePiHe Kapauaiibiy MbleaLiap
MY3IBHL OPYT MOH CVIBE KATBIPY O0bIL Tadblia bl ZIKbIIVIBLIK TeH ey 1ep TeH1e-
VICPIH INENy KoNTeren oHepKocilITiK sKoHe TeXHO oIS IbIK, KoChIMIlaiapia Ta-
HBIMAT MICETe DOMBIN TAOLLIA b aTall AlTTKAH 1 , D014T OHLPIc], KLV KaIKaH-
Japbl adIAInAchL, AKLLTY cakTay Kyifiesepinieri daililaubic OaskbITy, yiakTap-
JArbl MY3IbL KA ILITITACTBIPY JKOHE CVbIH OVIIAHND CHSAKTHL

Ocpiran JeffiH. KO3ralbic llekapachl ap 7KbLTY OTKI3MITIH ZKa TNbLTAHTAH
Ter,1evi Clamtac TypaelipyiMen weniiiren 0osaToid. MeHiH MaKkcaThIM, JKa Ibl-
JIAHTAH ZKbLTY TeHAeVi. ZKbLIY IOJINIAPBL aPKbLIbl TaObLIFAH JJarepb HOJIHOM-

Japbsill KOLTaHa OThIPLI ECeITTl [IbIFapy.
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LLINTRODUCTION

Problems for the heat cquation in domains with moving boundarics including
Stefan problem, are very important for many applications, such as melting and
welding. freezing and cooling processes, displacement of oil by water and other
phenomena.

The general method for the solution of these problems is based on the reduc-
tion of a boundary valuc problem to the integral cquations. This mcthod enables
to prove theorems of existence and uniqueness of the solution. however it is not
cffective for the calculation of the real temperature fields. Therefore the elabo-
ration of analytical and numerical methods of solution is very actual. This papei
is an attempt to find the analytical solution of the Stefan problem using special
functions, namely the integral error functions.

The integral error functions determined by recurrent formulas.



H. GENERALIZATION OF INTEGRAL ERROR FUNCTION

2.1 The Integral Error Functions

The mtegral crror functions determined by recurrent formulas below
~
erfelr) = / N fetydi o= 1.2,

g

RN
2 . 3 .
i“("/‘./'('(,r'} =crfe(r)= ;_/ oxp( =17 dr (2.1.1)
\

were introduced by Hartree in 1935.

We can obtain from (2.1.1)

X
.) .
ierfelr) == [ (v—a)" exp(—17)dv (2.1.2)

These functions satisty the differential equation

Liter folx) + 2rkiver fe(r) = 2ni'crfe(r) =0 (2.1.3)

l].l“‘)

and recurrent formulas

2nd"crfe(r) =" Forfele) = 20" Terfe(e) (2.1.1)

Integral error functions (some times they are called also Hartree functions) are
very useful for investigation of heat transfer, diffusion and other phenomena which

can be described by the equation given below

Au ,u
— =0
Ot 0=

in a region D(f > 0.0 < v < «t)) with free boundary r = «a(t), however

(2.1.5)

functions
+r

2a \/F
satisfy the equation (2.1.5 ) as well as their linear combination or even series

w,(La t) = 15"er fe

7



uir. Z Apu )+ B, (=l )]

=
for any constants 4,. 5,. We can choosc to satisfy the boundary conditions at
= 0 and . = offi if given boundary functions can be expanded into Taylor

series with powers / or \ /. [2]

2.2 Properties of Integral Error Functions

Let us derive new properties of IEF, which are not considered in above-mentioned

papers.

1) If is an integer. then

0 ("
L) = S

L

(" —C
2i=lp! dr

Merfoel=a)+(=1)""er fe(r) =

)//-Inliu
with i = /=1 and Hermite polynomials H, () in the right side . Indeed .

using formula (2.1.2) we can write

(1' + .1')”(':‘1'1’)(——1'2)(11‘+

ep fel—a) 4+ (=1)" " — _2 L‘
i"erfe(=x)+ (=1)"i"er [e(a) = o

..‘\,}{

(%)
| X ,
- 2 >, \ D) .
_‘,_1”!\}“ I“, — )l'(”)(—l Vv = //'Q/T [ (Z + .77)”(_3‘7,])(_2.-)({1. — 2_’7._1_1,.1_!_{_“.[_‘[”(7_7,)
X X

Using formula for Hermite polynomials we can derive

|v|“

n—?m
ST Y SR . § ' o
’/(,,)'/(( ,1)-}_< )n '(}f( ‘)'”—lml 1_),")' (221)
m=(
If nis even, n = 2/, then

. i ,1.2(1;-1”)

R 2k o N :

e fe(x) 4+ i ter fo(—x) = E ST l(Ok — 2]

m=t " T B

[n particular

crfelr)y+corfel—=x) =2

Perferr) £ o felmr) = 172 4 42

Porfele)itorfel=a) = s+ 1) 12 + 1/ 1227
8




If n =2+ 1.then

(h=im+1
¥

*)
Ry £

2l l . N ’!/_I .
/ crfoetr) =T er fel—a = ; ~ ,
Lt 2= L (2 — 2m = 1))

11e=()

In particular

ierfoe(—r)—ierfele) =2

Porfol—e) = Porfele) = 120 + 1/327

i rfe(—u) — (:(Tl'.f'(f(:l') =1/160 + l/'2~l.l':; -+ L/(i().l"r’

2) The proof of the formula

1 2"
o ¢
=iyl dat

(/c"‘:c/',/’c(.z')‘) (2.2.2)

erfe(—a) - derfela)
where .
) = L erfe(e) = —= [ exp(=1)d
cr ) = —Ccrjoelr) = — (‘Xl) —17)d
‘ /?./
A ()

can be obtained by mathematical induction method using recurrent formula (2.1.4).

3) Differentiating the right side of formula (2.2.2). we obtain

. . ; nen . ™ . 2 1 2 -

Merfoe(=a) = (=D)"Mer fele) = Ph(w)er f(w) — (2,,(;1,')7:(,’1‘])(—:1;-)‘ (2.2.3)
m ]

where polynomials P,(+) and @, (r) are defined by formulas

Iz
o n-—1

- :1,14—2;11 (_1)::—1‘-][”7 I 1(-1:)
@) = ‘ : .0, ) = ' P.(r
Palr) Z 22Tl — 2m)! @) Z 2k — ) ()

=0 =0

4) From (2.2.3). (2.2.4) we can obtain the explicit cxpressions for Hartree functions

of an integer index

I
[a—
~—

~ 2 9
(o fea = — (Pu(x)er fer + Qn(v)—= exp(—a)] (2.2.4)

NG
Merfe(=r) = 5 [Bio)erfe(—x) —Q,..(‘/z')\—‘/z’:““"(“"’"’)] (2.2.5)

5) Using L'Hospital rule and representation (2.1.1), it is not difficult to show that

. erfe(=a 2 ‘
fim D 2 )
n. )

NRE N .,L'”

N —




6) Using property 2 one can derive tollowing formula

i

‘\‘ o

\ E 2=y < IR T
all)y =) [-42,», T Ay A g g

P=i

=0 jri=1)

(R
(N
~I
—_

~

2u—1t.an ( .

Where u(r. ) is Heat polynomial which cexactly satisfv Heat Equation and

L L X
R T P T Y 5
2.3 Integral Error Function
e fo(r) = fl\ e feteydron =1.2
Merfe(r) = arfolr) = \% f’\ caop(=e=)de. (1.1)

were introduced by Hartree [1] in 1935.
One can obtain from (1.1)

erfeln) = ek [ (e =) erpl=r e, (1.2)

They satisfy the differential equation

)') 1 Ld o e £l e v e — 192N
Siterfoe(r) + 2egsitor fe(e) = 2niter fer =0, (2.3.1)
and rccurrent formulas

niterfele) =" 2erfe(r) — 20" ter fo(r). (2.3.2)

Integral error functions (sometimes they are called also Hartree functions) are
very uscful for investigation of heat transfer, diffusion and other phenomena, which

can be described by the equation

a2
L= 0 (2.3.3)

10




in a rcgion D(/ = 0.0 < < «(/)) with free boundary x = a(/) . since the

functions

U (= ) =170 fo( =

2and

satisty the cquation (2.3.3) as well as their lincar combination or cven series

(e t)y=35""

—t ] —

JApu ety 4+ Bou, (= t))

for any constants .1, , [5,. We can choose these constants to satisty the bound-
ary conditions at x = 0 and x = a(/) , if given boundary functions can be cxpanded
into Taylor series with powers t or \/f. [6]

Let us derive new properties of Hartree functions. which are not considered in

above-mentioned papers.

1. If n is an integer, then

0 2

i"er fe(=a) + (=111 felr) = gt (i) = ghee™ (o)

—intt an

with 1 = +/1 and Hermite polynomials H, (r) in the right hand side. Indeed.
N

using formula (2.3.1) one can write
e foe(=a) = (=1)""er fe(a) = _-)—"_—l, I_Y,(I + )" erp(—=e?)do+
—f—;“—_—]—'- _ff(l‘ —r)'eap(—1?)dr = \—ém f_\;(z‘ + 2)"erp(—1?)de =

L H,,(ir)

2 Lyt

Using formula for Hermite polynomials one can derive

n n -2m

Morfe(=a) + (=0)er fe(e) = 30 3

=0 22m-Tipt(n—2m)!

(2.3.4)

If n = 2k. then

11



]‘- l..." - ey

),.","/, .._,.. o . — —_ .
17t -I( (1) + her -'I( (=) = Zur—“ TToem 22!t

i.c.
erfolr) +erfe(—x) =2
Perfolr) + ferfe(—v) =5+

tlerfo(r) + ilerfe(—z) = & + '—, + 1—_;

D1 bl N 4 2L ) = 72 .
i“ker fe(r) +itker fe(—1) = g + =T (fe- )12 + SR T T 3T IR

If n =2k + 1, then

I_lh m o4

2’\"—] e £ e "-)-: ‘)
! el j(’(—'l) - U [(( ) - _nn 0 = FIm-T(2k —=2m+1)!

i.e.

ier fe(—x) —ierfe(z) = 2%

Berfe(—1) — ider fo(r) = £ + &
ZARe .

Perfe(—a) —i’erfe(v) = 55 + 5)—37 +

3 "3

iFler fo(—u) — ?2]*1@?".“(3?) = s 22’-‘—3~il/.v—1)!-3! - 2’-":-3-&'—2)!»5!‘{'

’ll

-+ FEEREY

2. The proof of the formula
i"er fo(—x) + (=1)""er fe(a) = Fo=To 72,6_“ 6()1,, (e F’fﬂ) (2.3.5)

where

2

(47'f(."1') =1 — C’,I"fC(.’T) = = (; ,_1])(—-—-’1)")([1_)

NG

12

4




can be obtained by mathematical induction method with the help of the recur-

-

rent formula (2.3.3).
3. Differentiating the right hand side of formula (2.2.6) we obtain
terfe(=ry = (=1)""erfe(r) = Pyrerfir) = Q, /_(f,p( 2).(2.3.7)

where polynomials 7, () and O, () are defined by formulas

‘o 4 e _ u-—l g AL 2 BT o
PI'(.") - Sqm 0 22me iyt (u—’/n)’ Q"( I) 20y /;lfl [3]

.-—-4] —)

Heat polynomials can be shown in terms of the integral error functions using

the expressions

]7”(1/) — (2(1\/7)”[7.”(51'./'('%2(1\/2'1'- (_ u i
#1(2.3.3) |

C a=2m
I7I () n. 7"'1

)
2[[-!71

where (', =

' --2m)

If we replace the time variable t by the new variable «*( .then we can put

n!

N
in above expressions a=1. If we multiply all heat polynomials by the factor % .

then the cocfficient at 2" becomes cqual to 1. It is more convenient at calculations.

Thus we can define the heat polynomials by the expression (1) where

!

C, . 1! ( 3
e T o) :

3]

9)

The first heat polynomials arc

Pol. !y =1 P (.‘l'. /N) =
Pyl t) =22+ 21 Pyl t) = 2% + Gat
Pila. ="+ 1207 4 1212 Py, t) = a4 200t + 6012




2.4 Generating Functions

The heat polynomials can be introduced also using the generating function

This function satisfies the heat equation ¢, = g,, for any z. The coefficients

i, (.. 1) in the Taylor series

gLt ) = __,u\;u o ) (2.4.0)

are also solutions of the heat equation

[t can be checked directly by differentiating of the equation (2.4.1) with respect

to X and t.

dg o _rs—izt L _ x B x Sl
ar = ° v n=( U.r“"('r’ ) nt Zu:() ?',—,(.T. ﬂ n!

" TR

L L X, . < ~ . R
U_‘ = - ZH—-“ U/( “('I'f)u! - ZU:—’U L”('l't) n!
By comparing cocfficients we obtain

J cp(e ) =ne, g (edl). n=1.2....

o

Zo(rt) =n(n— v, o(r.t) = (.,—f}—%v,,(m.f). n=23. ..

it

The explicit expressions for the function v, (.. t) can be obtained by the prod-

uct of two powcet series

14




~

rs ~ i

=2 000 y = i
and
s.2 _ ~ o L o
‘ Lan=( by 2", Y — 1

Using the Cauchy’s rule this product can be written in the form
ari—fz? xX N _ n ]
e = Lz Cn = X Qb

Thus

] ['5] o =2k
vola.t) = nle, = nl Z/.-:u 1 th—2k)!

which coincides with (1),(2).
It is very important for the applications that

Co(e,0) = 27 g, (0.8) = BEE L (0.0) =0

n!

. N . . . o
[t should be noted that sometimes the application of integral error functions has
an advantage in comparison with the heat polynomials, in particular for satisfying
a conditions at infinity, when the formula
iterfei—ur)

- _ 2
m, ,x —F— =3

plays very important role.

15




2.5 Analytical solution of One Phase Stefan Problem

The first analytical solution of one phase Stefan problem. which describes the
dynamics of soil freezing has been published by Lamc and Clayperon. Solution of
two phase Stefan problem was represented by Stefan. Solutions of these problems

. R e .
were obtained for a(/) = ay/(/) casc and some auotomodel cascs.

Despile the quite extensive list of problems i literature which lead to the
necessity to solve Stefan type problems see: e.g., and a long bibliography on
methods for solving these problems lead to additional difficulties which occur due
to the degeneracy of domains. In some specific cascs particularly for frec moving
boundaries it is possible to construct Heat potentials and a problem can be re-
duced to the system of integral cquations [6]. however in the casc of degencracy.
singularity in integral equations occur. and method of successive approximations
is inapplicable in general. Moreover, the use of numerical methods is problematic
when the number of parameters is great. Therefore. development of new analytical
methods is very important especially for various applications because it enables
one to analyze an interrclationship of different input parameters and their influence

on the dynamics of investigating phenomena.

As for applications: a wide range of electric contact phenomena, in particular,
the phenomena occurring at the interaction of electrical arc with electrode can be
described in dynamic usc of the presented method sce e.g., for very short arc du- .
ration (nanosecond diapason), when experimental investigation is very difficult. In
this study we will try to find solution of onc Phasc Stefan problem for degencrate

x
domain with a(f) = 3 «,t* moving boundary.
11=()

Tracking answers of these questions will be organized as following. In the
continuation of this section Integral Error Functions and its properties necessary
for claboration of new methods are presented. In subsection 1.4 a test problem is
solved by proposed method. In sections two and three one phase Stefan problem.
its analytical solution and convergence of series represented. For finding analytical
solution we mainly follow the method proposed by S.N. Kharin in applying Faa
Di Brunos formula for Integral Error Functions. For Heat polynomials we utilize

Newtons polynomial (generalization of Newtons binomial) and its multinomial co-

16




cfficients.

Heat transfer between two bars that have ideal contact is described by the equa-

tions: ) .
ot G

ar a2
with the initial conditions:

U0.0)=0 (322) U(r.0)=f(r) (252)

conditions of conjugations of temperature and heat flux

SNU(0.4) = P(t)  (2.5.3)

Z’/ ((l\/i !) L”, (2'5-"1‘)
oU da
st - = Lry 2.5.8
di '@=at dt ( )
Suggesting that initial function and function of heat flux can be expanded in

Maclaurin series
~ g X (n) 0 ‘
flay=) [0 o prey = P O (250

n! n!
n=mN =)

we represent the solution in the form

[(.%) Z 2av/t)’ [1“1 er f< a\/ + Byi'erfe: _l;} (2.5.7)

n={)

Figure (2.5.8) Boundary between two (liquid and solid) phases

17




o e O < .r<alf)
L(0.0) =0 (2.5.9)
L(0.1) = P(t) (2.5.10)
[ty t)y =17, (2.5.11)

Jt da

- —CFE' ”":[‘A‘.-d? (23]2)

Solution:

[T t) = 7(1\/— ”l A i"er f( + B,i"cr f(-—— ' (2.5.13)

n— l)

Lemma:

Merfe(—r) 2

IvII

7)11111 20 \/— i"“crfe = ()
( . aw\/-
Using (2.5.13). from condition (2.5.10), we get

—\U(0.01) = =AY (2(1\/7\)”[‘—1,,1'”(?/‘_)”(70 + Bi"er [0l = P(l)

1=0
X m)

CAU(0. ) = —/\Z 2a/T) [ Ay + Buler fe0 = P(t) = Z‘P ‘((’)(ﬂ)"
re=0 =0 n:

. ~ th)y
By denoting £, = >_ P20 /8. we have left

.
n=()

P, P
4, =- ———— — B, by substituti L to the j3, t
A(Za)”z“rrfc() n> DY SUDSHIUHNE A(2a) iter fe() 0 the P, We ge
A, =—3,-B, (2.5.14)

At the condition n=0:

‘r‘l[) = —.'30 — BU (2")15)

From condition (2.5.11), using a(f) = a /1, we have

18




L'((l\ﬂ‘?.f) = Z( Dt VUL e f(— ~ D, ierf ~l\ = [’
10 2a
n=0:
- )
[ Loe r T('"“ - Ln' "’J(“— =l
(l _(I ’
By using (3.3.7) condition. we get
—Q .
)” - Bn)(l f(— -+ B(./ (A f('— = (',,,
2a
— Q0 (K - q
B‘,((I}‘(——u)‘ —)y =10, + 7”m)‘(—-
201 2a
. (’;G'I'f('—'— .
By = (2.5.16)
(er /(— —er /(,”

o
Un

From condition (2.5.12), by taking the derivative ot (2.5.13), we get

>
A 2ayt)n ! [ — A" Terfess + ,,i"](’l"f'f’-T:J = L“,g)‘\—‘/7

=
For the condition n=0:
Ly By
'_'/\— —-’l(l -+ 0 __(,T”T = L‘:
\/:

:.).(I 1 2

~

1

By using conditions (2.5.15). we get
\ 2 ot
> [7PU + y|—= NG = L~acr
And using condition (2.5.16). we finally get our equation, which consists only

from « and cocfficients

a =1
A=1
P, = 107
L, = 100
L =50
~ =2

19




Firstly. we find 7. however it depends only from coefficients as /3. \. and a

to which we have given numbers. After finding 5. we come to the last equation
(2.5.17) that wc obtained. There are two cquation which arc cqual to cach other
and depends only from a that we should find. We denote left side of equation as

J (). and right side as y(a).By the way we usc approximation method by Matlab

which code shown in Figure(2.5.9).

A
]
ST

[T
]
'

]
o gu
non o
P
O " , 3

LN R S |
L}

I
1
'
I
I
ha

Figure (2.5.18) Code of equation (2.5.17)
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IHI.LAGUERRE POLYNOMIALS

3.1 Some identities for the generalized Laguecrre polynomials

The summed up Laguerre polynomials L\ () related with non-negative inte-
ger n and genuine number « > —1 are generally utilized in numerous issues of
mathematical material scienee and quantum mechanics. for instance. in the incor-
poration of Helmholtzs condition in paraboloidal directions. in the hypothesis of
the spread of clectro-attractive motions along long queues. and so on.. just as in
material science in association with the arrangement of the second-request straight

ditferential condition:
v+l =)y +ny=0(@3.11)

These polynomials fulfill some recurrence relations. One extremely valuable.
when extricating properties of the wave clements of the hydrogen molecule, is the
accompanying three-term recurrence relation

a) 2+ l—0— () o n—a 7 () 2
(711( ):'_,,_:;_)4-[‘“ ( )—I'I—f—(lL l(\) (”21) (312)
. e .. () .
with the initial conditions L '(y) = 1 and l',(“)( ) =1+ a — \. Specifically.
the case a = 1 in (3.1.2)ives the old style Laguerre polynomials L, () fulfilling
N

L(ml(,\) _ ’n-r-’-\L"”( ) — ”_](\) n > 1) (3 l. D)

n- nil

with the initial conditions Lg(y) = 1 and Li(y) =2 — \.

TThis group of generalized Laguerre polynomials structure a total symmetrical
framework in the weighted Sobolev space L}, (R*) with the weighted function
Q. () = e, as follows

[ L OLE oy = M=ty i 2 0) (3.14)

where [ is the Gamma function and &;; is the Kronecker delta symbol given
by d;; = 1 or 0 according to i = jori # j . In fact, the generalized Laguerre

!

polynomials are eigenfunctions of the Sturm-Liouville problem:
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\_”(\‘(\“--]L‘_\‘(L“” "H‘:) "'/J/;Lu". \’ = (. (7 5( (’ L. \)

with the eigenvalues /1, = 1. Besides. we really have the accompanying closed

formula for the generalized Laguerre polynomials:

-+

LyV'(\) = ,‘_,,(— 1)k (0> 0).(3.1.6)

n—hj) "
where A is the binomial cocfficients given by

-~ ~

! _ / _ — i) -2).. N —/ +1)
N =1 and e I Tr T (3.1.7)
for positive integer k and complex number -. It is notable that the recipe

(3.1.6) stems from Rodrigues formula for the generalized Laguerre polynomials:

. e ¢ - li—0) —l'lt%—‘[)” n—a 2
L) = A= g (e T = AT T (2 0). (BL18)

However. for the closed equation (3.1.6), it appears that none has considered it
yet. in any event we have not seen any related outcomes previously. The equation
(3.1.6) is exceptionally intriguing, in light of the fact that it uncovers great worth
conveyances of the generalized Laguerre polynomials. [4]

N

Theorem 3.1.

Let I, m, n be non-negative integers with O <1 < m + n. Then

m a—+/ ny 0 [+ a
i P ) UL (0 = Y=o N R HC Vil I B

(3.1.9)

[t pursues that we demonstrate some extraordinary instances of Theorem 3.1.
[t is effectively observed that positive whole numbers n, k with & > n. In this
manner, by taking | = m + n in Theorem 3.1, we have

m

ST B by labh)
Ll ) (!'l+ ' ]L)’\ L(m -n L)(\)
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1

=> ", (7?) (m 1 — M(=\)* </n T ;l\ Am.n >0)(3.1.10)

III+II—1/

The case n = 0 in (3.1.10) gives

" 1 P ) "nm -+
>l ( ) (i = RyNALY A () = ! ”) (> 0). (3.1.11)

' H

1

It we take m = 0 in (3.1.10). we get

W) = T (7 (= 1) (=) <” T ‘;) (1> 0). (3.1.12)
v " —K '

n

. . 1 ~ . . .
which together with = 5,77 for non-negative integer n, k with & < n.

Y

[t 1s ntriguing to call attention to that (3.1.11) is extremely simple to the back-

wards recipe of the generalized Laguerre polynomials. to be specific

m —k

m L
V=l ( o ”) (—1)FLI (V). (m > 0). (3.1.13)

3.2 The heat polynomials for the Generalized Heat Equation

N

The hcat polynomials are very useful for the solution of value-boundary prob- -

lems for the heat equation. They can be derived by different means|6].
The heat polynomials are introduced from the solution ot the heat equation in

terms of the mtegral error functions using the expressions

n

P,,(.’I‘, f) — (Q(L\//TT)I'[ill(’l‘f'(f4+(—l)"i"6I'f(' ,1;//;] — Z”f;]:() C,,.,,,.171'_21"t7“ (321)

Qa1 2

I2m
where Com = 1=

i n=2mi!

If we replace the time variable by the new variable ,then we can put in above
expressions . If we multiply all heat polynomials by the factor , then the coeffi-
cient at becomes equal to 1. It is more convenient at calculations. Thus w can

define the heat polynomials by the expression (2.1.1) where




Pty =1 Pl )= Pl t)=,"+20 Pyr.t) =" + 6t

Pty =t 12071 = 12070 Do) = a2 + 2007

There exists the relationship between integral error functions and heat poten-
tials. If a function 2(7) is an analytical function then integrating by parts the

potential of the double layer we get

-

{ g domi=s _ f w .
fu ’«/\T:)_’*( r)ds :—ﬁ, 2(7)d(er f(‘, W _) 2(0)er fc”—J-

{o[ STt = 7)Per fc \/T,?} =

= 2(0

o , .
_: .’l) ;/(/—)Cr.fc.zn\‘,_—_'d'l—

S, O #20 r Feot o [ o N U2 et P
= 2(0)erfegz+s ((l)‘lz‘z-’u‘fcﬁ—._fo ST H(t—T)i crfes=dr = (3.2.3)

R e P A At-rre i 12
— e ZH:()T/ " (0) ru-’u.ft(; ZN "7'9 4f) s

,
2an

Similarly the integral responsible for the initial condition

fr =

=[5 S e S de (3.2.4)

: . : . " 40) :
for the analytical function f(r) =", L ——1" can be written in the form

I = Zu\uw[\—% ¢ P a4 2az/1)d + = Jq 4":2(—.l'+’2(l:\/7)"(‘];]

]
n.
2avit 2a\t

= Z:—U n!”’ )l\/_ [.—l’/fj ,‘—_67:2( (l.r )I)d :t /—J 7('— )(7’;{_{_ )hdv] —

RITEN {

L0 g £ Qs .
- ZN 0 )( \/Z) ' i}”c’ f(ﬁ + L”CTjCQ(ll\/;‘] (";25) .

The heat polynomials can be introduced also using the generating function

J(l t,v)— rz—iz?



This function satistics the heat cquation ¢ = ¢,, for any . The cocfficients

v, (. 1) in the Taylor series

glat sy =35 e (e s (3.2.6)

L=t
arc also solutions of the heat cquation

(V'»l'll — C ."l

H
()1’ I‘).(’"’E

[t can be checked directly by differentiating of the equation (3.2.6) with respect
to @ and ¢.

g o rmett AN __ caidl
or ¢ ~ T —un=U s l" : ) Z,,—u v n( )—”!
Di et SO D NN e
ai ¢ T ,‘)(.)(.1,,(1 f),,y = Z2.n Ol,,(.l.f)T

By comparing cocfficients we obtain

iy (rt)=nv,_q(af) =12

%"/'(-"-f) =nln— e, t) = i o (e t) n=2223 ..

()l' -

The explicit expressions for the functions ¢, (.. ¢) can be obtained by the
product of two power series

T AN N 1
=5~ a,s a, =

L 1

127 B
€= Zu oDz by = Y

Using the Cauchys rule this product can be written in the form

)

rr—tic X . o n

' - Zn:-() (”"“' ¢, = ZA.:O nl.'()n—/c
Thus

va(rt) = nle, = ! Z,‘_“ B o= ’L (3.2.7)

which coincides with (3.2.1), (3.2.2).
[t is very important for applications that

Ol 0) = 0 e, (0.04) = B 0 =00 (3.2.8)

n!

[t should be noted that sometimes the application of integral crror functions has

an advantage in comparison with the heat polynomials, in particular for satisfying
a conditions at infinity, when the formula
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plays very important role.
Example.

Let us consider the problem for the heat equation

L=t <o <at. t>0 (3.2.10)

with the boundary conditions

w0 ) = f(t) =S e (3.2.10)

Loan () [;!

u(at ) = g(t) = S~ e (3.0.12)

U((lf,?"\) — '(/(f) — ~ SO

__JII=(’ /)‘

1.”
The solution of this problem can be found in the form

U(.’Iv,f) = 1,,( ),;(I b,,( ’HH( f) (321%)

L 1= U Lt ) = ”

Satisfying the boundary condition (3.2.11) and using (3.2.9) we obtain

~ 20 _ ~ o fH0)
Zu-—(l 4” n! t tl‘

L n=\ n'

A, =L (321])

2nh

(14) From the second boundary condition (3.2.11) we get

S Ll = 5 A (at ) + 000, Bataa— (at.t)  (3.2.15)

From the expression (2.1.7) we obtain

9

I'g_),,,((\/.‘/) = (‘2,',)' Y‘\ 0 A mﬂ::%: _

. X 2 _ o ¢ .
= (20)! 3 et (3.2.16)

20124

", 1] ((]f f) = 27? Zl“l) B/ /\—T””—”f)ll—l\‘ __

2

— { PN ¢ f ~
= (211). =0 B, _ ,,,,—,(%”—I-m/”“”” (3.2.1_1)

Substituting these expressions into (3.2.15) and compare coefficient at t according

(o recurrent formulas we get the values B, [6].
Heat polynomials for the generalized heat equation

Confluent hypergeometric function and corresponding special functions

e eameea..




L=

Successtul applications of the heat polynomials for the solution of the standard

heat equation induce the question: is it possible to find and to use similar functions
for solution of other equations? To answer this question let us consider the

cquation

d- .(Nl—,:)iéf,—;;:(). o= (). —x <0< x

- 2 e 2

It is well known that this cquation has two lincarly independent solutions

o1ir) = ‘1’1—3 =Ly, Salr)=mr

where ®@(a:b:.r) is the confluent (degenerate) hypergeometric function . Setting
()= () . where »+ = —2°, one can find that 7°(>) satisfies the equation

Using this equation one can check up that the function

O(z.t) = (

Ry \/?
satisfies the equation

UL NI 0 g
= () (3.2.19)

Hence the functions satisfies the cquation

A0 L0 o0
TR E R (32.19)

Hence the function

() = oVl @(-2 Ly (3:2.20)
s - 202 T dadl T

)qz & = )(1\/_ . . ;
sl ( 4a? 7‘ ) 2 2 da?t
satisfy the equation (3.2.19). Their linear combination can be written using the

degenerate hypergeometric function of the second kind ¥(a. 0, x) :

) 5 3 v+1 P
St 62 (2 8) = (2aV1) (== -
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It is convenient to use the function 5. ,.(:./) for problems with bounded regions.
while the function i"- .(-.#) are apphcable to uiibounded regions.

Using the integral representation for the degenerate hypergeometric function

o) N 20 () . o N -
J)( ’ S —=z7) m——\ﬂ—,)ur/)(‘—:z):—“_l/ crp(=a= " T, (22 de (3.2.21)
4 o Vil 0 N ]

I

it is possible to show that

1 - _;) D) 1
i —P(—.1: =27V = ——— 3.2.22
2 T(l+5) ( )

[}

This formula i1s a gencralizatiom of formula (3.2.9). Lct us consider the special

cases.

1", Plane case (v=0)

Using formula (3.2.21) and evaluating integral in the right side one can show that

— ) I+ 1 ,
<I>(—7) % —UT) = 3%{")(1'.f('(—.zf) +i'erfer] (3.2.23)
. - j :) ) 1 I ]_ Lo ] .
@(1—7—. E —r*) = \i—f j >7f/ orfoe(—x) = z'f(—r‘/(‘:;z'] (3.2.24)

i.c the hypergecometric function can™e represented by the plane Hartrec functions,

in this case. but the functions [G]

\{—T((l T’f (2av/t) i elj( \/_

2 Yant I3 —ierfe
Soaz ) = 7 F(——l) 2a0v/1)° [1 (1/(_”\/._ ierf —”\/.]

satisfy the ordinary heat cquation.

Q]
(§V)
<t
~—

+ilerfe ] (3.2.

Qav/t

(3.2.26)

Cylindrical case (v=1)

In this casc both functions (3.2.20) coincide:

8V

[N

,q‘,l' :../ :‘q‘j = — ) 4 :
ol 1) = 5, 20V1)"(~ 2 T
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Expanding the hypergeometric function in the scrics

-)i.

£

D=5 L-a?) =T

we can conclude that iff ¥ = 21 is an even integer , then this series transforms into
Laggurc polynomials

. n! , -
Pl—n.1: =2 ) = ——(2“’)']_,,( r7) (3.2.27)
where ]
l (Il
L” = . {:_ :H
(=) II'F dz ( )

are the Laguerre polynomials.
Thus for an even index partial solution of the cylindrical heat equation

o /7! 2 :2 . )
S (3 0) = S (At Ly (=) (3:2.28)

Spherical case (v=2)

This the functions (=) arc a gencralization of the integral error functions of
Hartee for any v > 0.

The formulas the same as for integral error functions arise from the properties
of hypergeometric function :

Do~ 2
& (»(‘l) AE/NLY Y 1,5.2) (3.2.29)
z

Ry

Dla+l,v+1z)==[P(a+1.5.2)—d(a.1,2)] (3.2.30) 6]

3.3 The Gamma function and its properties

In mathematics, the gamma function (represented by the capital Greek alphabet
etter ' is an extension of the factorial function, with its argument shifted down
by 1. to real and complex numbers. That is. if n is a positive integer:

I'(n) = (n—1)!
30




The gamma function is defined for all complex numbers except the non-
positive integers. ior complex numbers with a positive real part, it is defined

Via a convergent improper integral:

This integral function is cxtended by analytic continuation to all complex
numbers except the non-positive integers (where the function has simple poles).
viclding the meromorphic function we call the gamma function. It has no zeroes.
so its reciprocal 1/7(z) is a holomorphic function. In fact the gamma function

corresponds to the Mellin transform of the negative exponential function:
() = {Me"}(2)
The gamma function i1s a component in vartous probability-distribution func-

tions. and as such it is applicable in the fields of probability and statistics. as well

as combinatorics. ]3]
Main definition The notation 1'(z) is due to Legendre. If the real part of the

complex number z is positive (Re(z) > 0), then the integral

converges absolutely, and is known as the Euler integral of the second kind (the

Euler integral of the first kind defines the beta function). Using integration by
N
parts, onc sces that:

MNz+1)= j('J\ rre Tdr

= [—rie™]y + J, Tl dr

= lim, s (—rfe ) = (0c ") + 2 j“\ o et dy
Recognizing that as
=, —arreT" =0,
=z jﬂl r e T de = zT(z2)
We can calculate ['(1):
X

[‘(l) - 'ﬂ)\i 'l.j.—]_({—.l' (l.'l' — [_(;—.1‘}0

=1, (=) = (=) =0-(-1)=1




Given that
F''h=1land T(n—=1)=nl(n)
Tpy=1-2-3---(n="1={n-1),

for all positive integers 1. This can be seen as an exariple of proof by induction.
The identity

can be used (or. vielding the same result. analytic continuation can bc uscd)
to uniquely extend the integral formulation for 1'(z) to a meromorphic function
defined for all complex numbers :. except integers less than or equal to zero.

Tt is this extended version that is commonly referred to as the gamma function.

Euler’s definition as an infinite product

When seeking to approximate z! for a complex number z. it turns out that it is
offective to first compute n! for some large integer n. then usc that to approximate
“a value for (n+z)!. and then use the recursion relation m! = m (m?1)! backwards
n times, to unwind it to an approximation for z!. Furthermore, this approximation
is exact in the limit as n gocs to infinity.

Specifically. for a fixed integer m. it is the case that
N

. nlin+ )"

‘ lim,, - (ntnnt 1

and we can ask that the same formula is obeyed when the arbitrar integer m 1s
Yy g

replaced by an arbitrary complex number z

. whndl) 4
11111,,_;X W =1

Multiplying both sides by z! gives

2= Tim,, .~ n'“ i )‘(” + 1) = limy, =~ ﬁm(l? + 1) =

2)ein
I [ 1+ 5]
This infinitc product formula converges for all complex numbers z except the
negative integers, which fail because trying to use the recursion relation m! = m
(m?1)! backwards through the value m = 0 involves a division by zero.
Similarly for the gamma function, the definition as an infinite product due to

Fuler is valid for all complex numbers : except the non-positive integers:
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ro=1}

By this construction. the gamma function is the unique function that simultane-

ously satisfies
My =1.TE4+1)=:T(2)

for all complex numbers = except the non-positive integers. and

. Vind) ~
limy, .« T,T—‘”TW =1 for all complex numbers =,




IV. GIVEN PROBLEM AND ITS SOLUTION

4.1 Formulation of problem

Heat transfer in any coordinates can be described by the cquation:

[

012 o dr

OU_ (0 v w» ot
Ol

With boundary and heat flux conditions

AU |

—0 (112

01‘ r={ )

ol N = f‘,”’(()) n
or ‘; —all) =) = Z n! {
. v—1 _ - o an
3= 7 a(t) = Zi(},,l‘

4.2 Solution of Problem

We represent the solution in the form

T Y 7 S
ot et o or )t

U — :
#| =0 (4.2.2)
=0
i x r{n)
wl =)=
T lr=al) n=0 N
) x

3= al) =D a,l”

- n=1
Solution:

x
Uirt) =S AuQus

n=0

nll(3=1).p2n 2k gk
I’ (- FP)T(31n- I)

I
where ),,, = Z

nt3-T( tj’}'l'g" -2k

O<r<a(t)y,t>0

il n=k)t3-0(3)- 3=1-(34+2) .. 3+n=k)

— i 22/:
k=0
Q().u("' f) =
Q|.I«’(r'? t

1(3=1)02 921
o'l'(dl])r(?l])T

2T(3+1)r
EIREEARED nru1‘+

22-1 .

) 0<r<a(t)t>0

(£1.3)

n
92k

(1.1.1)

(4.2.1)

nl3I°(3) 22

k=0

2 E-(n—- k) (B4+n-k) T(3+n-k) =

Z = A' (n

k=0

D@3+ _ 2r2
o1/

2L1(A+1)-r2
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4.3 A Boundary Problems for the Generalized Heat Equation in the
Domain with Moving Boundary

The solution of the problem

0(0.1) = (1) Ola(l). 1) = gli)

where f(t) and g(t) are analvtical functions. can be represented in the form of lin-

car combination using degencrate hypergecometric function. We interested to tind

approximate solutions of this problem in the finite series.

)

+ B4 55— )

10Ae

0o 1) = 2T LB 5

from the first condition when z=0 we take

)(L\/_)’ n+ iI] = Z,’;() f,,t”

Y‘H/
L= U
or in this form dividing to even and odd series

moo E\2n+17
Z:jl U )('I /—) ”[ 2n + B'-)"} o Z”:“(_Zﬂ\/f) ! l‘bl'.?n'f—l + BQ‘IM]]

~

after compare both side by power of t

_lll

. )
{2a)-"

"l"_’n =+ B?h -

Aoy + By =0

= a1t

from second condition at the -

) L1
1”(1 '_’ : Juf

III ,i—” \/’

_4/1 {

)+ B, W= 0] = (1)

So if we again divide to even and odd part

Sl 20/ [Aa, Pl S5 25 4 By W
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RITE S L B , ) _/l—l 41 2\
[-’1-_7,,,]‘1’(—-;);.7.?’;)Tbg,,. P - 5 T‘*T(“"_T;)‘—()

Now using these equation we make the system of equations

Ayt = Bouli =0

)

! / t j : 2 3
- - e | - R O S :
1_;*1_7;,4—1')’(* =5 5 #7) = )';:u Y \ "IT‘ - éf . 7";(;'7)) =

Solution of this system only the trivial. when .\y, | = By, ,, =0
and the second system give the value of -l.,,. [3,,

1. _ I
In _T’ )“ — “2”);'11

!—] 0T /-’—l n?
(’)(1 ”[ 4)“(])(~* 1. ) + B u‘]}(_” Tal( )] =4
S

B | N R e

: P > R o= , o2

e 2 B AT
4 | ol A
A2 = B RS R — ol

(20)=" gy —p, 5 '—T.;'T/) Pl—n. = it

And solution of given problem will be this form

Bz ) = S0 g Qavh) LA (=i 2 ) + B U (—n 5 — )]

- Lan-0 2

Ta=t .




We interested to find solution another problem problem half infinite domain

du_ 20000 el (F) < = -

A(z.0) = f(z). #{ \/27.2‘,) = g(1). B(x.t) =10

where f(z)and g(t) are analytical functions, can be represented in the form of
lincar combination using degencrate hypergeometric function. We interested to
find approximate solutions of this problem in the finite series.

o

=1 SR
2 IT" _4(/31)J

-
=

O(z.) = Y0 o (2aV1)" {4, B(=5. L 0y 4+ B, (!

~

from second condition at the = = a({)

Zn 0 a’\/_) [4’7(:[) _5, % —(l,ﬁ) + BTI\I;(_%g 1'32[‘ —1—2-_,—1-)] = g(t)

So if we again divide to even and odd part

Zm ( Qa /_ ”[A),,(I) '__)—l' ui) - BQ”\P(—n’ %-l _-(_"-’7_‘)]+

n=0 da=t

+Zm (l\/-)"llwl[‘b,,._[(l)( ’n—l rjj |3>()+B)”+1\I/( )n+l lgl’_é‘(;:::t ].:

n=0
\

m n
= Zn—() Gl

i

( )n[Ag"(I)(—ﬂ . 3 ) + B),,\I/( 1. LT'H — f, )] = gn

Il - -1 o 2
[4437;,,4](:[)(—2”2, I l;l 1((1! 1) B),, 11( n l/ L;J ) _,4((1’2{)] =

Using this properties apply to initial conditions

. X 2/ \n _noetl 22 . l‘(l'i_l)
lim e o (F55)" W (=5 5 ll(zir)—T(%J<I~§)

m st S Zm j“')(O)
ZIJ =() "I L !-}- 3) — n=0 "0
where
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so [3,. A, are founded.




V. APPLICATION

The solution of the problem for the cquation

- —

dr? o Or

o P v o
or ( - )

in the domain D: ) < # < atf. + > (0 with the boundarv conditions

Aufnty
dr )
ulad. )y = '(/(_/) — Z,\ ; m[,,

can be found in the form

w(at) =3~ 4,0, (. 1)

If ¢« = (), the first condition is nccessary for the main given cquation. By using
the last representation. it is satisfied automatically. The coefficients A, can be

found by calculation.

It is very important for the theoby of electrical contacts to find the temperature
distribution in the system consisting of a liquid metal bridge and solid clectrode.
The temperature field inside bridge can be described by the equation with a vari-

able cross-scction

: 9040 7]
(—f,%]-::(lg’(?;%% -+ !T"—)';L) ——(\(?") <r<0.t>0

and inside the solid contact by the spherical equation
M, 200, 200, ‘
TR ((U,Az -+ T(——ﬁ) rp<r<x. t> 0

ol O

The initial conditions arc

Al0) =00 00(0.0) = 6,,. 0,(r.0) = f(r). f(ro) = 0On.
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The boundary conditions are

Ay =0

Jr =

(}1(() t) = H-_g(l'n. 1)

ALy M0
A ——— =2\, ——

e - o

Da(xc. () =0
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V. CONCLUSIGN

The One Phase Stetan problem by new mecthod. Integral Error Function. has
been considered. Analvtical solution has been found. Additionally. considered
particular case. such as using "Matlab”. Solution has been shown in graph.

Novelty of the thesis is that. Generalized Heat cquation was reviewed from
another side: using the Laguerre polynomials. Laquerre polynomials have obtained
from Heat polynomials. At the same time, Heat polynomials interconnected. One
of the difference of the boundary problem is that. it has different radiuses at each
point.

Additionally. we have considered Generalized Heat equation with moving
boundary according to its domain. By giving another initial and boundary condi-
tions. we have solved the equation.

The application of the obtained results for the calculation of the electrical arc

heat flux at the contact opening is presented.

e . —— P,
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