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Abstract 

This thesis is about solving Heat equation. exactly. generalized heat equation. 

which. solved using Laguerre polvnomials. The heat equation is an important 

partial differential equation (PDE) which describes the distribution of heat (or 

variation in temperature) in a given region over time It considers heat transferring 

in electrical contact from one side to another. Simple examples to the Generalized 

Heat equation are the melting of ice and the freezing of water. Solving the Heat 

equation, known problem in numerous industrial and technological applications. 

such as the manufacture of steel. ablation of heat shields. contact melting in 

thermal storage systems. ice accretion on aircraft. evaporation of water. 

Gencralized Heat equation with moving boundary have been solved by Laplace 

Transform. My aim is to solve the same equation by Laguerre polynomials ob- 

tained from heat polynomials. 
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Altiarita 

Ocbl SWiccepTalA-IblK AY MbIC AKBLTY T@HLeVIH HICHIY AKati-Tbl 2Ka3bLIaH. WaKTbI- 

pak aiirKaita. -lavepb HO-IIHOMAapbI KO/LAalla O'TbIPbIL AKacWIbLIAHLAH AKbLLY 

TCHACVIN Wen. AXSbVIWIDIK Teflev] — Oeil Gip afiMakrarbl vakbl?r OofiblHda 

AKbLIV Lb, (HeMCCe TOMMePATVPAHbUL OBFepiCHHn) Gip AKAPbINAT CRIM waarbmna 

WICKTP-HK Gafhlalblera TapacTVI CHMATTaiirbill Matlbt3Ibl zKapTplaali zuucpdbe- 

PCHIULVLABIK TerLlev. ZNacuibhanban AKbLIV Teieyaepine KapauafibiM MbiCacLlap 

MY3-IBHL CPV1 MCH CVZLbE KaTbIPV GOcIbIL TaOblaabl. ZAbLIWIbIK, TeHeyep TeHte- 

Wiepil INelly KerliTeren @NepKYCITIK 2XOHE TeXHO-IUPHS-IbIK, KOCbIMIMaclapila. Ta- 

HbIMAT Mocete GOc1bI TAObLAA AL. avail afiTKatela , OOSlAT OHLpICi, 7AKbLIV KacIKAH- 

Aapbl AGAAUNACH!, AK_LTY CAKTaY wKyiietepinjleri Galilanbic GaciKbIry, yWIakTap- 

JaPbl MY3ZUbI KacIbIITACTbIPV AKANE CV AIH, OWIAHV Db) CITI. 

Ocpiran ‘effin, KO3FaIbIC WeKapacbl Oap AKbLIY OTKIBZPILITIH AXACIMbIAHFAaH 

Terievl -Tamtac TYPelLUpViMen WwellireH GociaTpid. lenin, MakcaTbIM, 2KacIMbl- 

JAHPAH AKBLIV TCHAeVI. AKDLIV DOJIIMiIapbl APKbLIbl TaObL Iran JTarepb N0-HIHOM- 

Aapbill KOVLTaHa OTbIPbT! ecenri LUbIFapy.



CONTENTS 

I. INTRODUCTION .. 0.020.000.0000. 000 ee ee ee 6 

Il. GENERALIZATION OF INTEGRAL ERROR FUNCTION ........ 7 

2.1 The Integral Error Functions... 0... ee ee 7 

2.2 Properties of Integral Error Functions... 2.2.2... 00.0200 00048. 8 

2.3 Integral Error Function. 2.6... ee 10 

2.4 Generating Functions... 2 eee l4 

2.5 Analytical solution of One Phase Stefan Problem. .............. 16 

Ill. LAGUERRE POLYNOMIALS .......0..... 0000000000004 22 

3.1 Some identities for the generalized Laguerre polynomials... ...... 22 

3.2 The heat polynomials for the Generalized Heat Equation......... 24 

\ 

3.3 The Gamma function and its properties... ........... 0.004. 30 . 

IV. GIVEN PROBLEM AND ITS SOLUTION... .............. 34 

4.1 Formulation of problem. 0... 0 0 34 

4.2 Solution of Problem... 0 0 ee 34 

4.3 A Boundary Problems for the Generalized Heat Equation re 36 

V. APPLICATION «0. ee 40 

VI. CONCLUSION 2. ee 42



‘SRINUTIOJ JUaLINoat Aq PaUlLalap SULIOUNY IOLId [e15a}Ul at] 

“SUOTOUN] JOLIO [eIRUL oy) ApoweU ‘suoTOUNy 

jetoads Buisn wajqoid uvjays ay JO UoNnjos yeayATeue at} Puy o7 idtuayie ue si 

jaded siyy ‘yenjoe Ara. st uolNyos Jo SspoyJsU [VoLlewinuU pue yeoyATeue JO UO]! 

-OQR]D OY} MOJIOYL, ‘sppory oAMpesadtua) jea1 OY) JO UONR[NI]BD oY] JOJ SANIT 

JOU SI MW JA\IMOL “UOMNFOS ay) Jo ssatianbiun pue sdUaJsIxe Jo stuaioay a..oid 0} 

Sd|qvud poyJou sIY] “suoenbs jersoyur oy} 0} wid]qoid onyer Arepunog ev fO UOT} 

-ONpal ayy UO paseq SI stuaTqo.1d asay) JO UOLIN[OS 9} JOJ poyJatu [es1ouad sy 

-euouousyd 

ayo pue Jaye, Aq [IO Jo luawaovidsip ‘sassacoid Buljood pue Suizaaly “SUIp[a.\ 

pue Sunjaut se yons ‘suoyvordde Auew tof juejodwi Aza, aie ‘warqoid uejars 

SUIPNIOUL SOLVPUNOG SUIAOW UL SUIBLUOP Ul uonenbs BOUT OY] JOT Sito] qol 

NOILONAGOAING] 



Hf. GENERALEZATION OF INTEGRAL ERROR FUNCTION 

2.1 The Integral Error Functions 

The integral error functions determined by recurrent formulas below 

N 

Corfelr) = / i lorfeaidy. n= 1.2. 

J 

xX 
>) . 5 

Merfolr) Hcrfelry = — | exp( i ddr (2.1.1) 
Va 

were introduced by Hartree in 1935. 

We can obtain from (2.1.1) 

nw 
+) * 

Merfe(e) = = | (v — 3)" exp(—v7jdv (2.1.2) 

These functions satisfy the differential equation 

SiMerfelr) + river felx) = 2ni"erfelr)=0 (2.1.3) dy? 

and recurrent formulas 

2ni"erfe(r) =i" Zerfe(e) — Qi” ber fc(e) (2.1.4) 

Integral error functions (some times they are called also Hartree functions) are 

very useful for investigation of heat transfer, diffusion and other phenomena which 

can be described by the equation given below 

Ou Oru 
—T=055 
Ot Ox? 

in a region Dit > 0,0 < 2 < a(t)) with free boundary x = a(t), however 

(2.1.5) 

- 
= > 

+r 

(Ea.
 ) Leier

fe 

satisfy the equation (2.1.5 ) as well as their linear combination or even series 
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for any constants 1,,. 6. We can choose to satisfy the boundary conditions at 

= 0 and « = aff, if given boundary functions can be expanded into Taylor 

series with powers / ory /. [2] 

2.2 Properties of Integral Error Functions 

Let us derive new properties of IEF, which are not considered in above-mentioned 

papers. 

1) If is an integer. then 

» 

H(i) =——rrr’ yt 
ered Os — ce 

Qu-Iy! dx 
Mer fe(—a) + (-1)" Mer fet) = 

Qu-lylye 

with 7 = /—I and Hermite polynomials H,,(.°) in the right side . Indeed , 

using formula (2.1.2) we can write 

Mer fel—a) +(-1"ierfe(a) = 3 a fet v)"evp(—e?)de+ 
\ (aj 

1 . > - , (= 1)"2 + 2 2 ha, + + 2 Co L as Se fle arVerp(-07\dv = ni f (et aerp(-v?)dv = srztpan Af, (7.7) 
rv _e 

Using formula for Hermite polynomials we can derive 

w
l
 

phan 
ee en ee “7 _¥ } a: Mer fel wy +(- 1)" ‘or fea ETT (7 — 2m)! (2.2.1) 

m=0 

If n is even, 7 = 2/, then 

7 I prik=m) 
ee ee ae 1 ee Vy : mer fer) + ier fe(-a) = ) Dank = Im)! 

mat) o_ oe 

In particular 

crfc(r) +erfel—r) = 2 

Perfor) + Perfelar) = 1/242 

Per fe tcrfel—a) = Lis + I / la? + 1/1204 

8 



If ny = 2) = 1. then 

(h—-ind+] 
y} 

a 

en vin aan | . 5 Of] . 

i orfelry ier fel) = \ - : 
Lae Dl (Dh — 2 + 1)! 
moll 

In particular 

ier fe(—wr) — fer fete) = lr 

Per fel—a) — Cor fete) = 1/2u + 1/32° 

ie rfcl=-w«) - Mor fel) =1/l60 + 1/240° + 1/60." 

2) The proof of the formula 

Morfe(—w) -— terfclz) = - g (or fea) (2.2.2) 

where . 

flr) =1-erfewn) = S / =) erygirjy= —-—CTITCL) = = eXPl—lV7 Jdv (7) \= ae Dt 
Q 

can be obtained by mathematical induction method using recurrent formula (2.1.4). 

3) Differentiating the right side of formula (2.2.2). we obtain 

. 2 , wen . » “ 2 2 

Merfe(—a) — (=1)"Merfelr) = Piteyer fle) - Qn(u) Fee p(— 2). (2.2.3) 
7 ; 

where polynomials P,,(.°) and Q,,(:7) are defined by formulas 

Zi 

3 n-} 
- pen (-1)" "HH, 7 (20) 

r= : . QO, (xv) = Pia 
Pal » 27-1 nln — 2m)! Qn(v) » 2r k(n — ky! i() 

m=(0 0 

4) From (2.2.3), (2.2.4) we can obtain the explicit expressions for Hartree functions 

of an integer index 

2 9 
Per for = J [Pi (x)er for + Qale) = exp(—27)| (2.2.4) Ta 

| 2 2 
Mer fel—a) = 5 [P, (rer fe(—2) —~ Qu") Fe exp(—2")| (2.2.5) 

5) Using L’Hospital rule and representation (2.1.1), it is not difficult to show that 

_ ler fe(-x 2 lim Morfeloe) 2 (2.2.6) 
eax Wad n! 



6) Using property 2 one can derive following formula 

Mi 
“ 

i 

\ S 2h Day Deni ae 
a(t) = > [s, sr CTs Oe ) eel ie 

rai vie) nicl) 

lo
 

i)
 

~!
 

W
w
 

a
 

2Qu- bam (- . 

Where u(.v.t) is Heat polynomial which exactly satisfy Heat Equation and 

| 2 4 
Vay = 2) 

min Val — Dan)! >. 

Nw
 

.3 Integral Error Function 

Merfelr) = {> Moher felejden = 1.2.0... 

Merfelr) = erfelr) = = [> exp(-e7)de. 1.1) 

were introduced by Hartree [1] in 1935. 

One can obtain from (1.1) 

Merfelr) = ait fo (¢ —2)"erp(—v" do, (1.2) 

They satisfy the differential equation 

iter fx) + Dar 2 i" feta) = 2niverfor = 0, (2.3.1) 

and recurrent formulas 

IniMerfeie) =i" Zerfelr) — Qi" ler fetr). (2.3.2) 

Integral error functions (sometimes they are called also Hartree functions) are 

very uscful for investigation of heat transfer, diffusion and other phenomena, which 

can be described by the equation 

10 



ina region D/ > 0.0 <.r < a(t)) with free boundary x = a(/) . since the 

functions 

u(t) = lier fel 4] 
Puy f 

satisfy the equation (2.3.3) as well as their lincar combination or even scries 

u(r.t)= So 
et tie 

pled, u,Ge.t) + Bu, (—.0.t)) 

for any constants .1,,, b,,. We can choose these constants to satisfy the bound- 

ary conditions at x = 0 and x = a(/) , if given boundary functions can be expanded 

into Taylor series with powers t or \/f. [6] 

Let us derive new properties of Hartree functions. which are not considered in 

above-mentioned papers. 

1. If n is an integer, then 

Mer fe(—x) + (-1)"i"er fee) = sam Aaliz) = ste Ze") shyt Ove 

with i = V1 and Hermite polynomials H,,(.r) in the right hand side. Indeed, 
\ 

using formula (2.3.1) one can write 

Mer fo(—r) +(-1)"i"erfe(r) = SF {<a t+.r)"erp(—e?)du+ 

a [= 2)erp(-r?2)\dv = 2 f (0 + 2) "erp(-2?)dv = 
Vil » ¢ 

1__H,,(i") Pe 

Using formula for Hermite polynomials one can derive 

pb n-2m 

Mor fe(-w) + (-l)""erfe(x) = S2 ; m0 92m— Tin "(n—2mj! 
(2.3.4) 

If n = 2k. then 

1]



I ro Meorrey “) . of ; 

wren for) + rherfe(-x) = at ~ Se The 

1.¢. 

erfe(x) terfce(—x) = 2 

Perfelr) + Perfc(—x) = 5 +t 

erfe(r)+ierfe(—r) = 4+ a + s 
16 

oo ee TQ ion Eps ye i r ri j veh 
her fe(r) +. her fe(—x) = saa + PAR-T Fe LY + Rb Te STORM 

If n = 2k + 1, then 

gtk mop 
2) ft ‘ye jek 2 i2h 1 6) | c(—2) _ lor [ce j= = ie Q = Fen-Tyl(ak —2m+1)! 

1.€. 

ier fc(—x) —ierfc(x) = 20 

er fe(—x) — Berfe(r) =£4+4 27 3 . 

Per fe(—x) — Perfe(r) = s+ a + 2h 

apd a) 

ler fo(—2) — Ph ler fe(x) = erp + SUT + SITE 

pk ld 

. + FE 

2. The proof of the formula 

Merfe(—xr) +(-1)""erfe(2) = Saal awe" (e* Serf) (2.3.5) 

where 

2 
er f(x) = ]- erfc(v) = = 1 exp(—v")dv, 

Va 

12 a 



can be obtained by mathematical induction method with the help of the recur- 
5 

rent formula (2.3.3). 

3, Differentiating the right hand side of formula (2.3.6) we obtain 

Mer fe(—x) + (-lyterfe(r) = Py (mer f(r) -Q, eer pl =. v2), (2.3.7) 

Where polynomials ?,,(.7) and Q,,(.c) are defined by formulas 

a 4 reo? yee el hy itr) pe 
Pile) = _ i pee bea! Tahal Ql y= an key, i [5] Yh —1) 

Heat polynomials can be shown in terms of the integral error functions using 

the expressions 

P, (0.1) = QaVt)"ier fet2a/t + (—1) y" i¢ 

#" (2.3.8) . 

C yt—2mM , 
ne of n, mea 

? Yor 

where C9) = 
me'(ae-- 2a}! 

If we replace the time variable t by the new variable u/ .then we can put 
n! 

‘“ 

in above expressions a=l. If we multiply all heat polynomials by the factor > . 

then the coefficient at 2” becomes cqual to 1. It is more convenient at calculations. 

Thus we can define the heat polynomials by the expression (1) where 

' 
Y fi. , ys 

Chan = Til(n 2m)! (2.3.9) 

The first heat polynomials are 

PoGeits <= 1 Py(2r ()=a 

Py(a.t) = 0? + 2t Pa(v.t) = 0 + Gat 

Pilati = a+ 1207 + Lor Ps(a.t) = 2? + 20.0% + 6027? 



2.4 Generating Functions 

The heat polynomials can be introduced also using the generating function 

This function satisfies the heat equation g, = q,, for any z. The coefficients 

,(e.t) in the Taylor series 

yle.t.2j) = er o,(e.tye" (2.4.1) 

are also solutions of the heat equation 

It can be checked directly by differentiating of the equation (2.4.1) with respect 

to x and t. 

Ug _ prt-ts ~~ wh x ae 

ar — © ~~ n=l ap Unl®, t) nl et On, (2, t) nl 

4 Og wither x 7, a Xp gy ie? 

a =e ~~ nt or n( . ts ~ net U n(.t . t) n! 

By comparing cocfficients we obtain 

4ou,(rt)= n(n — Ln, (rt) = ur, (x. t). n=2.3...., 

The explicit expressions for the function v,(x.t) can be obtained by the prod- 

uct of two powc! series 

14 



rs ~ n _ iw 
ert = Don Qy ra. ay = at 

and 

a2 x au h ge 

fe n=l b,, ~ Vy oA 

Using the Cauchy’s rule this product can be written in the form 

tints? x ~ _ n 7 

ert 0 One": Cr = Vino Unk 

Thus 

; [5] pho yn 2h 

un{a.t) = nie, =n! eo RM tm—aky! 

which coincides with (1),(2). 

It is very important for the applications that 

en(e.0) =". up, (0.1) = Bo 5,.4(0.0) = 0 ni 

’ \ . . . eo 
It should be noted that sometimes the application of integral error functions has 

an advantage in comparison with the heat polynomials, in particular for satisfying — 

a conditions at infinity, when the formula 

ier fei—r) ; 2 lim,+x pr = 

plays very important role. 
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2.5 Analytical solution of One Phase Stefan Problem 

The first analytical solution of one phase Stefan problem, which describes the 

dynamics of soil freezing has been published by Lame and Clayperon. Solution of 

two phase Stefan problem was represented by Stefan. Solutions of these problems 
: + Ty. _ 

were obtained for a(/} = a\/(/) case and some auotomodel cases. 

Despite the quite extensive list of problems in literature which lead to the 

necessity to solve Stefan type problems see: e.g., and a long bibliography on 

methods for solving these problems lead to additional difficulties which occur due 

to the degeneracy of domains. In some specific cases particularly for free moving 

boundaries it is possible to construct Heat potentials and a problem can be re- 

duced to the system of integral cquations [6], however in the case of degencracy. 

singularity in integral equations occur. and method of successive approximations 

is inapplicable in general. Moreover, the use of numerical methods is problematic 

when the number of parameters is great. Therefore. development of new analytical 

methods is very important especially for various applications because it enables 

one to analyze an interrelationship of diffcrent input parameters and their influence 

on the dynamics of investigating phenomena. 

As for applications: a wide range of electric contact phenomena, in particular. 

the phenomena occurring at the interaction of electrical are with electrode can be 

described in dynamic use of the presented method sec e.g., for very short arc du- . 

ration (nanosecond diapason), when experimental investigation is very difficult. In 

this study we will try to find solution of one Phase Stefan problem for degencrate 
m~ 

domain with a(t) = 5° w,,t? moving boundary. 
n=) 

Tracking answers of these questions will be organized as following. In the 

continuation of this section Integral Error Functions and its properties necessary 

for elaboration of new methods are presented. In subsection 1.4 a test problem is 

solved by proposed method. In sections two and three one phase Stefan problem, 

its analytical solution and convergence of series represented. For finding analytical 

solution we mainly follow the method proposed by S.N. Kharin in applying Faa 

Di Brunos formula for Integral Error Functions. For Heat polynomials we utilize 

Newtons polynomial (gencralization of Newtons binomial) and its multinomial co- 

16 



efficients. 

Heat transfer between two bars that have ideal contact is described by the equa- 

tions: 

at «OAL 
with the initial conditions: 

U(0.0)=0 (3.2.2) Ule.0)= f(x) (2.5.2) 

conditions of conjugations of temperature and heat flux 

—U(0.t) = P(t) (2.5.3) 

Ui (av. t) = Oy (2.5.4) 

OU da |. ,=le (258 Fp lest = EG 9) 
Suggesting that initial function and function of heat flux can be expanded in 

Maclaurin series 

we represent the solution in the form 

Cw =¥ 2av/t)! y" | Ani er rf 5" + Byi"er fe: | (2.5.7) 
n=O 

Figure (2.5.8) Boundary between two (liquid and solid) phases 

17 



Q<s6r < a(t) 
Ut Ou 

L(0.0) = 0 (2.5.9) 

U(0.t) = P(t) (2.5.19) 

U(a(t).t) =U, (2.5.11) 

Ol da (2.5.12 
— \— | = ~_ 2: 

O r laren?) dt L209 =) 

Solution: 

PM irt)= 52 (2a VF) fy" A,i’er fess + Bi,icr foxes (2.5.13) 
n- dy 

Lemma: 

Merfe(—r) 2 
wc 

2)lim 2a V1)" Mor fe = 0) 
( ° a 

Using (2.5.13), from condition (2.5.10), we get 

—\MU(0.t) = -—A SO (QaV/t)"[4,i"er fc + B,i"erfcUl = P(t) 
=) 

~ (1) 

—\U (0.4) = Oy DaVty"{A, + B, Jer fod = P(t) = y= Ohya 
n=Q n=O mM. 

. ~ Craye¢ 

By denoting P,, = >> pei /#)". we have left 
Ry. 

n=O 

P, P 
4,=- ———— ~— B,,, by substituti “____ to the 73, t 

A(2a)"iter fel) ns DY SUDSTNUANE A(2a)"7"er fed Ome Pn» WE BE 

A, = —3, - B, (2.5.4) 

At the condition n=0: 

ely = —3o _ Bo (2.5.15) 

From condition (2.5.11), using a(f) = aV1, we have 

18 



Ulay.t) = you Dar ty UA er fe - + DBiiterfi — = l- 

nod 2a 

n=0: 
ay. ; 

[- ler fer 7 Boi” er fos =U, 
Dey 20 ; 

By using (3.3.7) condition. we get 

—a . 
hy _ Bujer, fos + Boi" cr fer] = U, 

De 

—a Cle - a 

Byler fos ~ er fe —)=0),+ Bier fos 
2 2a 

. Byer fox . 

By= (2.5.16) 
(er fos —er foes) 

From condition (2.5.12), by taking the derivative of (2.5.13), we get 

x 

—A d- (2ay/t)” | | ~ Ay! er fe Cx +B i Ter fess | = Lisa 

v= 

For the condition n=0: 

1 2 ne? a —~\—_f-A, + B,)mec ter = T+ 
AZ| Qo EC bas 

By using conditions (2.5.15). we get 

-2 = 2 at 
2By+ = Lacie ru Hy AC hs 

? a 

And using condition (2.5.16). we Rnally get our equation, which consists only 

from « and cocfficients 

a=] 

A= 1 

Py, = 10% 

L,, = LOO 

L=50 

~ = 2 

19 



Firstly. we tind 4. however it depends only from coefficients as /?), \, and a 

to which we have given numbers. After finding 3). we come to the last equation 

(2.5.17) that we obtained. There are two equation which are equal to cach other 

and depends only from a that we should find. We denote left side of equation as 

J(a), and right side as y(a).By the way we use approximation method by Matlab 

which code shown in Figure(2.5.9). 

w 1 i! w W 

Figure (2.5.18) Code of equation (2.5.17) 

20



Figure (2.6.19) Graph view of solution of the equation(2.5.17) 

21 
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HWi.LAGUERRE POLYNOMIALS 

3.1 Some identities for the generalized Laguerre polynomials 

The summed up Laguerre polynomials Li" (\} related with non-negative inte- 

ger n and genuine number a > —1 are generally utilized in numerous issues of 

mathematical material scienee and quantum mechanics. for instance. in the incor- 

poration of Helmholtzs condition in paraboloidal directions. in the hypothesis of 

the spread of electro-attractive motions along long queues. and so on., just as in 

material science in association with the arrangement of the second-request straight 

differential condition: 

vy Hlatl— yy tny = 0 (3.1.1) 

These polynomials fulfill some recurrence relations. One extremely valuable. 

when extricating properties of the wave clements of the hydrogen molecule, is the 

accompanying three-term recurrence relation 

a) 2n+l—-a— (ade n-a (a) 2 

Len j= SSO (\ ) — Fathi. i(\)- (un = 1) (3.1.2) 

. eae wos (ai) ~~ 

with the initial conditions 1,;,’(\) = 1 and Ly )=1+a-— y. Specifically. 

the case a = 1 in (3.1.2)ives the old style Laguerre polynomials L,(\) fulfilling 

‘\ 

Li") _ PUFF TY ) _ Ly, -1(\)-( a > 1) (3. 1. 3) 
Ne n4] 

with the initial conditions Lp(y) = 1 and Li(y) =2— \y. 

TThis group of generalized Laguerre polynomials structure a total symmetrical 

framework in the weighted Sobolev space L%, (R*) with the weighted function 

O,(\) = y°e \, as follows 

[er LP QL Od ter dy = FE=2t5,,,,. (mn 2 0) B.14) 

where F is the Gamma function and 4;; is the Kronecker delta symbol given 

by 5;; = 1 or 0 according to i = j or i 4 j. In fact, the generalized Laguerre 
f 

polynomials are eigenfunctions of the Sturm-Liouville problem: 
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“ays TROT EE ee Le) = OG > 07.03.15) 

with the eigenvalues 1,, = 1. Besides. we really have the accompanying closed 

formula for the generalized Laguerre polynomials: 

where 1 is the binomial coefficients given by 

a 4a 

i) _ 4, PY sheath 2) hed 
a) > 1 and | = na (3.1.7) 

for positive integer k and complex number >. It is notable that the recipe 

(3.1.6) stems from Rodrigues formula for the generalized Laguerre polynomials: 

ou n 
{ ay I) yume, (n = 0). (3.1.8) 

ne Li) = Ae ele) HT 

However. for the closed equation (3.1.6), it appears that none has considered it 

yet. in any event we have not seen any related outcomes previously. The equation 

(3.1.6) is exceptionally intriguing, in light of the fact that it uncovers great worth 

conveyances of the generalized Laguerre polynomials. [4] 

‘\ 

Theorem 3.1. 

Let 1, m, n be non-negative integers with 0 <1 <im-+n. Then 

m atk ne ch 
(m-bn— ky FLEA (y) = Shen (m+n—k)!(—y )h , l 

rao h: k 

(3.1.9) 

It pursues that we demonstrate some extraordinary instances of Theorem 3.1. 

It is effectively observed that positive whole numbers n, k with & > n. In this 

manner, by taking | = m + n in Theorem 3.1, we have 
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ry 

= (7) (m+n — by'(-y 4 (" ~The “| (men > 0)43.1.10) 
WES By 

The case n = 0 in (3.1.10) gives 

ni nl hacky Neb 
iu ( (i = yh Ey) = an! "| -(n > 0). (3.1.11) 

. fl a 

If we take m = 0 in (3.1.10). we get 

Wy) = ee, ; (n — hy) ( 7 "| (n> 0). 3.1.12) 
v Rtn , 

n . . 1 ~ . . . 

Which together with = fo rt for non-negative integer n, k with & <n, 
a 

It is intriguing to call attention to that (3.1.11) is extremely simple to the back- 

wards recipe of the generalized Laguerre polynomials. to be specific 

m—k 

m4 (a ye nt ( :) (<1)F LI"). Ge > 0), (3.1.13) 

3.2 The heat polynomials for the Generalized Heat Equation 

\ 

The heat polynomials are very useful for the solution of value-boundary prob- ° 

lems for the heat equation. They can be derived by different means|6}. 

The heat polynomials are introduced from the solution of the heat equation in 

terms of the integral error functions using the expressions 

“rt 

P(r. t) = (Qay4)" [ier feS4+(-1)"i"erfe ] _ srl Ch, yp tee (3.2.1) 

2ay/t Du 

Dpypzre 

where Cha = ao 
rl Da yl 

If we replace the time variable by the new variable ,then we can put in above 

expressions . If we multiply all heat polynomials by the factor , then the coeffi- 

cient at becomes equal to 1. It is more convenient at calculations. Thus w can 

define the heat polynomials by the expression (2.1.1) where 



Pwd) =i Dark = 12. P(r.) = IP 2 War 

Pyeth= 1. Prt) au. Pol t) =? +t -Pyuret) = a? + Gat 

There exists the relationship between integral error functions and heat poten- 

tials. If a function y(t) is an analytical function then integrating by parts the 

potential of the double layer we get 

. r 1 \ ) . t ; con _ / H\r og t 

= L(O)erfestgty (O)1tPor fests + fi o'(r)Ut—r)ire feos= 

i erfe x Qoyt '( m2 =... =, (0) Set = Dien OOO) HEP" 
r 

Pay f 

Similarly the integral responsible for the initial condition 

n! 

: + : . ut Wh, ; 
for the analytical function f(r) = )>>_, L's" can be written in the form 

n! [= oe i Lo P(r + 2acV1\"dz + = fo ee 

The heat polynomials can be introduced also using the generating function 

glu. t,z) =¢ wots?



This function satistics the heat equation y, = y,, for any 2. The coefficients 

u(r. ¢) in the Taylor series 

yortocp = SO™ eC tis” (3.2.6) ott) 

are also solutions of the heat equation 

Guy, —_— C fey z 

Ot Oye 

It can be checked directly by differentiating of the equation (3.2.6) with respect 

to w and t, 

OG wre tt? VN _ evil 

ar & ~  Donsu ae Cf . NS = yS*, v (et. )\=- 

Oy ett ON 8 yeh ON ey ye? 
ap t ~ an omen le ts = Pon g Cale. tha 

By comparing cocfficients we obtain 

stn (ret) = ey,-1(2. t) N=1.2.... 

fhe (rt) = nie — Lyeyeo(a.t) = Bo, (0 .t) n= 2.3 ay Uhl ) = it nD, = 9,2! N= 4... 

The explicit expressions for the functions «,,(.°.¢) can be obtained by the 

product of two power series 

wl _~ an _ i c= SO aye". a, = 5 

ts — 
c= ne 0 One". by = mH 

Using the Cauchys rule this product can be written in the form 

” 
ra-ter x i. n 

c ~ 0 Cie", Ch = ko A0n—b 

Thus 

en(a.t) = nle, =n! sl 4 tooo a (3.2.7) 

which coincides with (3.2.1), (3.2.2). 

It is very important for applications that 

O00) =" 0y,(0.t) = B22 oy, 1(0.) = 0 (3.2.8) 
n! 

It should be noted that sometimes the application of integral crror functions has 

an advantage in comparison with the heat polynomials, in particular for satisfying 

a conditions at infinity, when the formula 
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plays very important role. 

Example. 

Let us consider the problem for the heat equation 

ae EE ar cat f>0 (3.2.10) 

with the boundary conditions 

u(U.t) = fifth =s, 2M (3.2.11) Lath 0 i! 

u(at.f) = g(t) = ON) er (3.2.12) 470 

u(at.t) = y(t) _ x yg 

an pet) * yt 

an a 

The solution of this problem can be found in the form 

u(t) = Aye on(r.t Bye oy 1 CU .t) (3.2.13) 
—s HS mt a 0 

Satisfying the boundary condition (3.2.11) and using (3.2.9) we obtain 

Xx (2nylan ~ Of (Ohan 
eo A, n! t t”, an) ni 

4, = (3.2.14) 
q2nty 

(14) From the second boundary condition (3.2.11) we get 

Soy tt = Sy An ton(at.t) + OX Batoni(at.t) (3.2.15) 

From the expression (2.1.7) we obtain 

) 

ion (ad. t) = (2n)IS° Se “0 A, tol _ 

‘ x Len _ 5S « , = (2m)! Oy cle mp seat” (3.2.16) 

Qn] --2h 
My | (at. t) = (2n)! ey B,, Home __ 

2m 
— {° tyr £ ‘ card = (2n)! m0 By Ms a (3.2.17) 

Substituting these expressions into (3.2.15) and compare coefficient at t according 

(o recurrent formulas we get the values B,, (6). 

Heat polynomials for the generalized heat equation 

Confluent hypergeometric function and corresponding special functions 

set eee cee. 



ee ores 

Successful applications of the heat polynomials for the solution of the standard 

heat equation induce the question: is it possible to find and to use similar functions 

for solution of other equations? To answer this question let us consider the 

equation 

dee a (41 py it = 0), v=). —-x o00 &® 
Lee 2 “OF he ? 

It is well known that this equation has two linearly independent solutions 

pir) = Dis. foley), Solr) = 27 

where ®(a:h:.r) is the confluent (degenerate) hypergeometric function . Setting 

(2) = g(r). where « = —27, one can find that 7(<) satisfies the equation 

Using this equation one can check up that the function 

O(z.t) = ( 
sa) 

satisfies the equation 

Hence the functions satisfies the equation 

OO , 0 tal 

a 7 5B + TRe) (3.2.19) 

Hence the function 

sole.) = Qaviyo(-3, 44, (3.2.20) 
Fak 7 2 2° fart ~ 

<2 (2 Vi) ae )o( T-r—3 3-0 -? 
‘ (2. = (2a _ . : 

ve Aq? 7”) 2 2 dat 

satisfy the equation (3.2.19). Their linear combination can be written using the 

degenerate hypergeometric function of the second kind V(a. 0, x) : 
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It is convenient to use the function 4.,.f:./) for problems with bounded regions. 

while the function i°-..(2.t) are applicable to unbounded regions. 

Using the integral representation for the degenerate hypergeometric function 

| 

3 9 20 (pa) . ™~ . ; 
o(— 2 [li 27) a, p(y | erp( a2? ato Ty-(22n)de (3.2.21) 

- a P (yu + 5) () . 

it is possible to show that 

3 . 1 ] ~— ) 
linn —?(—. 1: —2-) = ———— 3.2.22 
2 (1+ 5) | 

ro
l 

This formula is a generalizatiom of formula (3.2.9). Let us consider the special 

cases. 

1". Plane case (v=0) 

Using formula (3.2.21) and evaluating integral in the right side one can show that 

—_— I 1 oo) W P(e + 1) 2 .4 , 

O(. 52-8") = Se rela) + Mer fer 3.2.23) 

1-3 3 . ? i 3 3 , 
—— =: -91) = — —|1’erfe(-aw) — Mer fer 3.2.24 Pp a) re r Tiger erf[e(—w) — Cerfea] (3 ) 

— 

i.c the hypergeometric function canbe represented by the plane Hartree functions, 

in this case. but the functions [6] 

Style-t) = Fae +) alti ‘er fs sai + Perf aa (3.2.25) 

vals ul Qav1) Ti crf —ierfe (3.2.26) Sa o(t I) = 4 r(2 4 | ai ai 

satisfy the ordinary heat equation. 

Cylindrical case (v=1) 

In this case both functions (3.2.20) coincide: 

Bil) = 82, (2.1) = Qavi)%o(— 

Ne
) a
!
 

S [
i
e
 

ay
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Expanding the hypergeometric function in the scrics 

Die 

ue 
2 

; ) »- yf! a 
P(-FZ.b-w)ST(5+ Ly - , 

“ - (AND (5 + 1h) 

we can conclude that if 7 = 2n is an even integer , then this series transforms into 

Laggure polynomials 

7 n! , _ P(—n. 1-2 )= Dm r) (3.2.27) 

where 
| ¢{' 

Ly = __ 7 " 

(*) nt dz 

are the Laguerre polynomials. 

Thus for an even index partial solution of the cylindrical heat equation 

ul i! - a 
Soni (:. t) = 7, (at) Li(-T (3 ? 28) 

). (1 ~ 

Spherical case (v=2) 

This the functions («) are a generalization of the integral error functions of 

Hartee for any v > 0. 

The formulas the same as for integral error functions arise from the properties 
of hypergeometric function : 

ID(AL>. 2 

= 5 re) 8 Bay 1,5.) (3.2.29) Oz 
oe 

O(a + 1.4 + 1.2) = —[O(a+1,4.2) — G(a.4, 2)]. (3.2.30) [6] 

3.3 The Gamma function and its properties 

In mathematics, the gamma function (represented by the capital Greek alphabet 

letter T’ is an extension of the factorial function, with its argument shifted down 
by 1. to real and complex numbers. That is. if n is a positive integer: 

P(r) = (n— 1)! 



The gamma function 1s defined for all complex numbers except the non- 

positive integers. for complex numbers with a positive real part, it is defined 

Via a convergent improper integral: 

This integral function is extended by analytic continuation to all complex 

numbers except the non-positive integers (where the function has simple poles). 

yielding the meromorphic function we call the gamma function. It has no zeroes. 

so its reciprocal 1/?(2) is a holomorphic function. In fact the gamma function 

corresponds to the Mellin transform of the negative exponential function: 

P(t) = {Me*}(2) 

The gamma function is a component in various probability-distribution func- 

tions, and as such it is applicable in the fields of probability and statistics. as well 

as combinatorics. [5] 

Main definition The notation [(:) is due to Legendre. If the real part of the 

complex number z is positive (e(z) > 0), then the integral 

converges absolutely, and is known as the Euler integral of the second kind (the 

Euler integral of the first kind defines the beta function). Using integration by 

parts, one sces that: 



Given that 

Pel) =f and P(n = 1) = D0) 

Tin) =1-2-3---(n — 1) = (nr — 1), 

for all positive integers . This can be seen as an example of proof by induction. 

The identity 

can be used (or. vielding the same result. analytic continuation can be used) 

to uniquely extend the integral formulation for 1(=) to a meromorphic function 

defined for all complex numbers =. except integers less than or equal to zero. 

It is this extended version that is commonly referred to as the gamma function. 

Euler’s definition as an infinite product 

When seeking to approximate z! for a complex number z. it turns out that it is 

effective to first compute n! for some large integer n, then use that to approximate 

-a value for (n+z)!. and then use the recursion relation m! = m (m?1)! backwards 

n times. to unwind it to an approximation for z!. Furthermore, this approximation 

is exact in the limit as n gocs to infinity. 

Specifically. for a fixed integer m. it is the case that 
‘\ 

. Tate 

. HM, +x (adn 1 

and we can ask that the same formula is obeyed when the arbitrar integer m is ry g 

replaced by an arbitrary complex number z 

. ni(ntly 4 
lim, They = 1) 

Multiplying both sides by z! gives 

2! = lim,,—~ po a(n +1) = = lin, aay? +1jy= 

TM [Ae (+ 4)'] 
This infinite product formula converges for all complex numbers z except the 

negative integers, which fail because trying to use the recursion relation m! = m 

(m?1)! backwards through the value m = 0 involves a division by zero. 

Similarly for the gamma function, the definition as an infinite product due to 

Euler is valid for all complex numbers = except the non-positive integers: 
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By this construction, the gamma function is the unique function that simultane- 

ously satisfies 

Mij=1. T2411) = 21s) 

for all complex numbers = except the non-positive integers. and 

. Pints) + 
lim) wht = | for all complex numbers :. 



IV. GIVEN PROBLEM AND ITS SOLUTION 

4.1 Formulation of problem 

Heat transfer in any coordinates can be described by the equation: 

OU aw (s al. OV 
ae NOP or Ar 

With boundary and heat flux conditions 

Ol so (4.1.2) 
Or Irs 

OU x f""(0) 

— =i f({j)= . {" 

Or aun A(t) — n! 

< v—] _ ~ an 3= 7 a(t) = dow 

4.2 Solution of Problem 

We represent the solution in the form 

(4.1.3) 

). O<r<a(t)-t>0- (L111) 

nb dD (3) 72h 2k pe 

sae )FG-+n-h)Ta+n--) 

. mbep2n 2k gk 

=hyh (B41) (342). 3=n—k) 

a p2f/e@l ay, w . 5) aa (FE+e- HU). O<r<alt).t>0 (421) 

ou = 99 = (4.2.2) 
r=0 

al £01 pn 19 
oe =f(t)= >> me (4.2.3) 

rat) n=0 . 

; x 

j= a(t) = do aye” 
~ n=l 

Solution: 

x 

U(r, t) = S~ AnQny 

n=O 

n - 5 7 ; n 

. _ 2h OCD) 92k 
where Qn = 4 ken h)ET (3 Ten=k) 2 khe(n—-h 

=O k=0 

_ S 2k nl BT (3 Pn — S 92k 
— mh (nk FLO) CF-1) (S42) stn Hk) Pari Ale(n 

Qov(t. t) = 

UWE(3—I)r? UP(3+1)-4 
Olt. t) 

. 1 62-1 

OEIE(3 EL) TP O347) 7 2 

W(3+1)-r! 
‘jas Gira 
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"TOIT (B41) 
j=3 

N-V(B+L) r7e 
“WIN (3+1)-T(3+1) 

NT G=D-2 
* 2FOLTr (+1) 

) 



, Ut!) (ca) (€ A+) en (eg, . 

(O upd = “y + maa a 

(Ounfé + WO) und) SS ES 

(Tht) (4 — vibsscst = pny, g EE yy = Ue 
TI-9MO V = (Oh apd ort VO TR \ The 

=! 
ECkTROG HEC OG . . (G4 OO} ott? 
EATHOG SREB ge — feo ; 44, tr = 

T+ r(Ouse G+ (Olaf ys (Odd ~~ Opts a ai +! VIER OT \ Che 

UEO 

(Io 
= ty <= (()) ud = Tera ivy= oa 

VY] 

(+o, f 

fe _ Lo \ 

util ~ PPE Ge; wice' lf 

Loy eG : 5 aye se (pay iTm—el te CAL T EOS -. 
(GOUT HA OHA) THA) ret) SHUT -/1) Mpeg iT iT 4 es Aay(T ut ey 

pore One et yeu cl OD We pene IPOS CHE AOD OF OIG 

. - py Cont al) 

(a -) (tu cee a ME 
z 

ucG cab Oy ice! pee, agin 

0-1 = 
|+" -_ Te feed OY feel A Thee ILE hee eat nL en < u _ 

S (1)05j page oe EM EOE UTD yy Bi ss 

-|- ( Loe) 
ueluG 

, . , . =] ol (ppm; 

__ (Lo Cy Gt OL Gy apy] Upe 7S — te 
— eT << POA ~ ae 

‘ "4 x ! 

{ 
. alge - 4 _ 

vd fa opt " ud ug ao 

ape bay tba | oa ae 

iy 

ee Soh ES A aa at eer ez ope f aS Le 
+( st 9+4 Te | Tee ~ aS . Fo ctOL Fat yt TF ' 

qQaeu 

+( + 2) TRA LPS O'R =O 

; Jia fe Sar oO se eZ . reo 

wfPOD > SEE Tope OT — = (2°) OC 

[rea , et ret 

| >” 7-407 = ii 



4.3 A Boundary Problems for the Generalized Heat Equation in the 

Domain with Moving Boundary 

The solution of the problem 

H(O.1) = f(t) (a(t). 0) = g(t) 

Where f(t) and g(t) are analytical functions. can be represented in the form of lin- 

ear combination using degenerate hypergeometric function. We interested to find 

approximate solutions of this problem in the finite series. 

W2.1)= i QavT)" Ay b(- 4. an : 

from the first condition when z=0 we take 

(Qay/t)" A not B,, = yg ft" 
n 

3 naw 0 

or in this form dividing to even and odd series 

| } an Gy? - 

ao! v (2a vty "LA an oF Boy) ~ Doren (208)? Aan a + Banat] 

‘ 

after compare both side by power of t 

fa 

. y 

(Payer clay, + Bo, = 

Ao, | + Bani = 0 

=avVvt from second condition at the z 

Soe gia) LA P(—$. St. fe) + BY. =e) = a(t) 

So if we again divide to even and odd part 

ene” dat) "Ly, O(n, te oy + Bs, W(-1 yn —45,)]+ 
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VL APPLICATION 

The solution of the problem for the equation 

OU Ory OU 

Ut a (ae r an) 

in the domain D: 0 < 7 < at. t > QO with the boundary conditions 

Out th 

Or ) 

“ahd = gu) = — yo ; we Wyn 

can be found in the form 

u(t) = SO) AnQn(c. t) 

If « + 0, the first condition is necessary for the main given equation. By using 

the last representation. it is satisfied automatically. The coefficients 4,, can be 

found by calculation. 

It is very important for the theoty of electrical contacts to find the temperature 

distribution in the system consisting of a liquid metal bridge and solid electrode. 

The temperature field inside bridge can be described by the equation with a vari- 

able cross-section 

7 97070 ON 
Oa. (5F ++ wt), —a(t) <r<(Q. t>0 

and inside the solid contact by the spherical equation 

We, 2 (OI, 2s . 
mT (5 + <), m<r<cm, t>0 

The initial conditions are 

aA(O) -= 0. A)(0.0) = 4,,. A2(r.0) = f(r). flro) = On. 
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VI. CONCLUSION 

The One Phase Stetan problem by new method. Integral Error Function, has 

been considered. Analytical solution has been found. Additionally. considered 

particular case. such as using “Matlab”. Solution has been shown in graph. 

Novelty of the thesis is that, Generalized Heat equation was reviewed from 

another side: using the Laguerre polynomials. Laquerre polynomials have obtained 

trom Heat polynomials. At the same time, Heat polynomials interconnected. One 

of the difference of the boundary problem is that. it has different radiuses at each 

point. 

Additionally. we have considered Generalized Heat equation with moving 

boundary according to its domain. By giving another initial and boundary condi- 

tions. we have solved the equation. 

The application of the obtained results for the calculation of the electrical arc 

heat flux at the contact opening is presented. 

eet | eee eee Cr 
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