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Abstract 

The aim of mv research is to study Fujita hypotheses. which states that if 

is a smooth projektive varvety of dimension n then: 

(i) Assume that XV. is.a minimal (i.c.. Ay is nef) varvety of general type.(ie., 

Ky is big == NY > 9). Then the linear system |nvAx| is free for m > n+ 2; 

(ii) Let A be an ample invertible sheaf on X. Then the linear system |mJvy + 

(n +1) Al is free. and JnKy + (n+ 2) Al is verv ample on Y, 

For surfaces Fujita hypotheses was proved by Igor Reider. 

In my work I generalize result for X not be a sinooth projektive varyety but 

F-rational. So if Fujita hypotheses is true for a smooth projektive varyety then 

it is true for more general case F-rational. I use methods of commutative algebra 

and definition of tight closure. 
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AHHOTaUHS 

Ileab Moero NCC Te4OBaAHIA - IBVUNTb THAOTe3bE Dw3IITbl. B KOTOPbIN TOBO- 

purca. UTO ecal V - iaikoe WpoeKTHBHLe MHOTOOGpasiie pa3sMepHocTH N. To: 

(i). Tpestutotowia. aro X= MUHIMaIbHoe MHOrQobpazie. Otero Ta (7. ©. 

Ky Goapmige ==> IK% > 0). Toraa simetinan cucrema |x] cBoboren j14 

m>n+2: 

(ii) Ilverp A - Brotne o6paTuMbli myyoK na AX. Tora ciineiinas! cucrema 

ImAy + (n+ 1) Aj cevdoten. 1 fmdvy + (2 + 2) Al noAHocTHIO JocTAaTOUHO Ha 

XxX. ; 

Mosepxnocteli rimore3sbr OyvuKira nozrBep ut! Elropp Petijep. 

B moeit padore 31 c60buUO peswiIbTaT 2LIs X He M1aJsoro MpOeKTHBHOFO MHO- 

rooopa3lia. HO -pawlonatbHoro. Takum o6pa3o0m, ec.1 runoresbl DyVKIUTbI Bep- 

HbI 2.10 Tlazlkoro TIPOeKTUBHOTO MHOrocépa3zlia. TO 3TO BEpHO 71H Go.z1ee OOINeToO 

CAIVYASL -PALMOHAIDHBIX. 21 LICHO.1b3V10 MeTOAbl KOMMVTaTUBHOH asire6pbl 1 onpe- 

Ae Te@HILA TLIOTHOTO 3SaMbikaHiln. 
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1. Introduction 

My diploma thesis is dedicated to the branch of alycbraic veometry, concerned 

with propertics of Divizors. The Divizor is one of main tool of algebraic geometry 

in order to study properties of afhuec and projektive manifolds. Also | have studied 

the basics of commutative algebra such as Zarisky topology and affine scheme. 

Starting from the theory of algebraic curves. the main problem of the branch of 

algebraic geometry that studies maps Y —- PF" is to find conditions under which 

the linear svstem {Yj defining this map docs not have base points or is very ample. 

Multiply canonical linear svstems jinJvy| for surfaces of general type were studied 

by INodaira aud Bombieri. 

The ai of niv research is to study Fujita hypotheses. which states that if Y 

is a sinvoth projektive varvety of dimension n then: 

‘i) Assume that Vis a minimal (i.c.. Ay is nef) varyety of general type (i.c.. Ay 

is big ==> AY > 0). Then the linear system [my is free for im > n + 2: 

fii) Let A be an ample invertible sheaf on X. Then the linear system Jandy + 

(n+1)A is free. and jit Cy + (1 + 2) <4] is very ample on LY. 

For surfaces Fujita hypotheses was proved by Igor Reider in 1988. 

For 3 dimensional algebraic mnanifolds Lazarsfeld’ and [tin in 1993 proved the 

I-st part of the Fujita conjecture. j.c. that mt mean global generation. 

In my work I generalize result for NX not be a smooth projektive varyetv but 

F-rational. Also I generalize results of Reider and Iskovskih of for positive simple 

characteristic. So Tf Fujita hypotheses is true for a smooth projektive varvety 

then it is true for more general case F-rational. 

T use methods of commutative algebra aud definition of tight closure. defined 

by by Melvin Hochster and Craig Hineke (1988, 1990). 
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?. Preliminaries 

Algebraic variaty - frst of the main object for the study of aleehraic geometry. The 

basic definition of this variaty is the set of solutions of these algebraic equations 

in real or complex munbers. New definitions geucralize it In various wavs. but trv 

to preserve the geometric intuition corresponding to this detinition [1]. 

Any authors may have different definitions of this variatv: any authors |2] include 

the property of irreducibility in the definition (this means that a variaty cannot be 

a union of smaller varieties). while anv [3] distinguish irreducible and "common" 

varieties. In this paper we will adhere to the first agreement. and we will call the 

solution sets of systems of equations that are not irreducible, algebraic sets. 

The concept of an algebraic variatv has any similarities with the concept of a 

smooth variaty. The difference is that algebraic varieties. unlike smooth varieties. 

can have singular points. The neighborhood of a non-singular point of a real 

alyebraic variaty is isomorphic to assmooth variaty. 

Hilbert’s theorem on zeros of algebra proved around 1800 established a connection 

between geometry and algebra. showing that a given polynomial in one variable 

(an object from an algebra) is uniquely determined by its complex roots, that. is. 

on a complex plane by a finite set of points fan object from geometries). The main 

theorem of algebra, generalizing tliis result. established the main correspondence 

with algebraic varicties and ideals of the polynomial ring. Using the main theorem 

of algebra related results and the theorem itself. mathematicians established a 

correspondence between questions of the theory of rings and questious about 

alecbraic varieties; the use of such correspondences is usually a distinguishing 

featire of algebraic geometry 

Algebraic diversity. the main object of study in algebraic geometry, which was 

initially defined os a set of points in n-dimensional space, whose coordinates 

Vpeceeae r, are solittions of the svstenr of equations 

~
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Each aleebraie variaty has a certain dimension. which is the umuber of indepen- 

dent parameters defining a point on the variaty. Examples of algebraic curves are 

Cone sections. 

Later. athne. projective. aud eiven abstract algebraic varieties began to differ. For 

each algebraic variaty. its field of definition kis fixed. which is also called the field 

of constants or the main field. An affine algebraic variaty is given by a svstem 

of algebraic equations of the form (4.18) in an afline space A; over a tield A with 

coordinates Py... .. r,. Similarly, a projective algebraic manifold is climinated 

by a system of homogencous algebraic equations in the projective space 2" with 

homogeneous Coordinates yo. Yyee.. Yn. Abstractly defined algebraic varictics are 

elued together from attiue. just as ordinary differcutial varictics are glued together 

from Euclidean balls. Not every abstract algebraic variaty can be embedded into 

projective space. 

On each algebraic variaty Y. the Zariski topology is introduced. in which all 

submanifolds (including Y itself and the empty set) are closed subsets. “This 

typology is not strongly separable? for example, on an affine line A), over an 

infinite field k. any two open non-empty subsets intersect. 

The Zariski topology allows us to define on Y a bundle of local rings Ox, called 

structural (see Puchkov theory). The layer Ox of the sheaf O, at the point 

y= (ry....-%,) € X consists of germs of regular functions in w, Lach germ 

ix (ambiguously) represented in any neighborhood of . by a rational function of 

the form 
P (04 wey vy) 

. 6) (rp... ty) 

where P and Q are polynomials and Q(x) #0. The ring of global sections A(X’) 
of Oy is called the coordinate ring on AX — this is a ring of functions that are— 

regular on the whole variaty Y. 

For an aluebraic variaty. two types of mappings are considered: regular (usually 

called morphisms? and rational. Regular mappings are locally defined in coordi- 

nates by polwnomials, and rational mappings are defined by rational funetions, 

Q



Le.. by relations of polvnoimials. The latter may uot be everviwhere defined. If a 

rational map has the opposite. it is called Dirational. 

The dimension of the Grveducible: algebraic variaty. Y is defined topologically as 

the maxima length of a chain of different nested non-cnipty closed subsets in 

NX or alyebraically as the maximum munher of aleebraically independent rational 

functions on AV. Both definitions give the same muuber. Alecbraic variaty of 

dimension 1 - algebraic curves. dimension 2 - algebraic surfaces. A hypersurface 

in au” - dimensional affine or projective space is given by one equation and has 

the dimension nm — 1. 

The main difference between a projective algebraic variaty and an affine algebraic 

Varlaty is its completeness. which is an algebraic analogue of the topological con- 

cept of compactuess. Every projective variaty over a field of complex numbers 

Cis compact. and an affine variaty of dimension greater than 0 is not compact. 

There are complete algebraic varieties that are not isomorphic to projective. On 

complete algebraic varicties everywhere. ouly constants are regular functions. 

The most important for an algebraic variaty is the concept of non-singularity 

‘smoothness;. Tt is local and is defined for cach point. The point . € Y in the 

definition of system (4.18) is called nonsingular (smooth) if the rauk of the matrix 

(F,/e;) is maximin at this point. This condition corresponds to the condition for. 

the existence of au plicit function in the analysis. An algebraic variaty is called 

non-singular (stnooth) if all its pots are non-singular, otherwise it is special. 

Generalizations of an algebraic variaty are schemes and algebraic spaces. 

Students are supposed to be familiar with the definitions of the ring and 

module over the ring. All rings will be associative. commutative. with a unit. 

Recall that the ideal J in ring A is a submodule -4 as a module over itself. that 

is. the subgroup A in addition. is stable with respect to multiplication by all 

ring clements. The factor module A/Z then has the structure of a ving (i.e.. 

multiplication by the rule (a + J) (b+ LI) = ab4+J is correctly defined) and is called 

a factor ring A by the ideal 7. The ideal generated by the elements ay... 0%. 

denoted by (aq.....a¢). An ideal that does not coincide with the whole ring is 

called simple ifiey € TP imphes wr € 7 or y € T, and maxinial if it is not contained 

iv any other own ideal. Lhe domain of the main ideals is the integral ring. where 

anv ideal is generated by ouc element. 

Algebraic geometry section Of mathematics. studying geometric. objects associ-



ated with commutative rings: aleebraic varieties and their various generalizations 

‘aleebraic spaces. schemes. ctc.)..n the "naive" fornmlation. the subject of A. g. 

Is the study of solution of algebraic of equation. Geometric intuition appears 

when all the "solution set" is ideutified with the "set of points in a certain co- 

ordinate space”. TP the situation has a size of two or three. the visibility of the 

situation is bevond doubt: however. geometric language is used wader more gen- 

oral circumstances. This language suggests problems. constructions and types of 

reasouing. which are hardly natural from the point of view of pure algebra. In 

turn. algebra delivers powerful apparatus and a flexible, equally adapted to turn 

plausible arguments into evidence and to formulate them in the most natural and 

general fori. 

In alechraic geometries over the field of complex mmubers. every algebraic the vari- 

atv ix at the same time complox-analytical. differentiable and topological. space in 

the usual Hausdorf topology. This circumstance allows vou to enter a mumber of 

classic. structures delivering such invariants to algebraic varieties. which are only 

with great difficulty or not at all possible to obtain purely algebraic, means. The 

concepts and results of Algebraic geometry are intensively used in number the- 

ory {frigonometric stun estimates. Diophantine equatious). differential topology 

‘differentiable structures and singularitics). group theories (simple finite groups 

related to Lie groups. algebraic groups). differential theory equations (IX-theory 

and the index of elliptic operators). the theory of complex spaces, category theory 

(then-poses. abelian categories). fumctional analysis (representation theory). In 

turn, algebraic geometry uses the ideas and methods of these disciplines. 
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3. Basics of algebraic geome-— 

try 

3.1 Spectrum of a commutative ring 

Each point @ = (a,..... a,,) of the coordinate space C” corresponds to an ideal 

Tp = (X; —4.---..%), — 4) in the ring of polynomials Chay......r,] consisting of 

polynomials equal to zero in @. In general. to every point wt fa topological space 

of varieties) X corresponds to an ideal 7, in the ring of functions (Uunniterrupted. 

sujooth) on. formed by all the fictions that are junction to zero in x. ‘These 

ideals are maximum. Therefore. it is important to study the sect of maximal ideals 

ofa given ring — this allows one to reconstruct (in a certain sense) the original 

set froma fiction ring. But for various reasons. it is more fruitful to study a lot 

of simple ideals. ‘ 

Definition 1. The spectrum of a connnutative ring is the set of its simple ideals 

other than A. Designation: Spec(A) 

The spectrum of a ring in mathematics is the set of all simple ideals of a given 

colluutative rug. The spectrum is usually supplied with the Zariski topology 

and a bundle of commutative rings. which makes it locally ringed by space. The 

‘qneans "conunntative ring spectruun of the ring 2? (hereinafter. the word "ring! 

with unit") is denoted by Spec(R). 

Definition 2. A commutative ring is a ring in which the multiplication oper- 

ation is commutative (usually. its associativity and the existeuce of a unit are 

also implied). The properties of commutative rings are studied by commutative 

alecbra. 

[deals and factor vings - The imernal structure of a commutative ring is deter- 

mined by the structure of its ideals. that is, non-cmpty subsets that are closed 

a



With respect to addition, as well as multiplication by an arbitrary clement of the 

ring. Given a subset P= {f;}.-, of a comumtative ring 2. we can coustruct the 

smallest ideal containing this subset. Namely. this space of finite near combina- 

tions of the form 

ry pote Vida 

An ideal generated by a single clement is called prime. A ving in which all ideals 

are principal is called a ring of principal ideals, two important examples of such 

rings ave Z and a ving of polynomials over the field Wir). Any ring has at Teast two 

ideals - a zero ideal and the ring itself. An ideal thar is not contained in another 

improper (not coinciding with the ring itself) ideal is called maximal. Tt follows 

from Zorms lemma that there exists at least one maximal ideal in anv ring. 

The definition of an ideal is constructed in such a way that allows vou to "divide" 

the ring into it. that is. there is a factor ring R/T: this is a set of adjacent classes 

in J with operations 

(a+b) +(b+T7)=(a+b)+Tand (a+7)(b+7)=ab+1 

These operations are correctly defined. for example. (a + 1) (6+ 1) = ab+al+ 

Th+}*) = ab+ZJ, since al belongs to I. ete. It is clear from this why the definition 

of an ideal such this. 

Ring localization -is au operation, in a certain sense, opposite to taking a factor: in 

a factor ring. elements of a certain subset turn into zero. whereas in a localization. 

elements of a certain set become reversible. Namely. if S' is a subset of R that is 

closed with respect to multiplication. then localization by S$. denoted as S7!R, 

consists of formal svmbols of the form 

t. where re Ros ES 

with the rile of reducing the mumerator and denominator. similar to the usual 

nue (but not coinciding with it). The operations of addition and inultiplication 

on such “fractions” are defined in the usual wav. 

In this language. Q is the localization of Z over the set of nouzero integers. The 

sane operation can be performed with any intcgral ring at the site Z: localization 

(R{O}) 'R is called the field of quotients of ring R. If S consists of all degrees of 

a fixed clemont f. the localization is denoted as Ry. 

A particnlarly iuiportant type of ideals are simple ideals. often denoted by the 

Jotter p. By definition. a sample ideal is an improper ideal, such that if it contains 

the product of two clemouts. then at least one of these elements is contained in 
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it, Equivalent definition - the factor ring 2 pis holistic. Auother equivalent 

definition is that the complement Rvp is closcd with respect to multiplication. 

Localization of (R* py R is Hmportant enough to have its own designation: R,,. 

This ring has only one maximal ideal: pF). Such rings are called local. 

Simple ideals are a key element of a geometric description of a ring. using the 

spectriun of Specht. As a set. SpecR consists of siuple ideals. [If Reis a field. 

there is only one simple ideal (zero) in it. so the spectrum of the field is a point. 

Another example - SpeeZ courains one point for the zero ideal and one for cach 

prime munber p. The spectrum is equipped with the Zariski topology. in which 

open sets are sets of the form D(f) = {p € SpceR. f € ph. where f is an 

arbitrary clement of the ring. This topology differs from the usual cxamples of 

topologies from the analysis: for example, the closure of a point corresponding to 

a zero ideal is always the whole spectra. 

Spectriun definition is basic for comnmitative algebra and algebraic geometry. In 

algebraic geometry. the spectrum is supplicd with a pencil O. ‘The pair “space 

and a pencil on it” is called an affine scheme. .\n affine scheme can restore thie 

original ring by using the global section functor. Moreover. this correspondence 

is functorial: it associates with each homomorphism of the rings f : RoS a 

continuous mapping in the opposite direction: 

SpeeS + SpecR. g—> f7'(q) 
4 

‘ Thus. the categories of affine schemes and conmiutative rings are equivalent. Con- 

sequently. many definitions applied to rings and their homomorphisms emerge 

from geometric intuition. Affine schemes are local data for schemes (much like 

the spaces R” are local data of varieties). which are.the main object of study of 

algebraic geometry. . 

As usual in algebra, a homomorphism is a map between algebraic objects, pre- 

serving their structure. Th particular. the homomorphism of (commutative) rings 

with tuity is 

ainap f: R-»S. such that 

flat+b)=fla)+ f(b). flab) = f (a) f(b) and f (1) =1 

In this situation. $ is also an R -alecbra: indeed. elements of S can be multiplied 

hy elements of Roby the rule 

sesi= f(rles 
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The kernel and image of the homomorphism f are the sets ker(f) = {r ¢€ 

R. f(r) =O} and in (fj) = f(R) = ff tr). © RY. The kernel is an ideal in 

R. and the image is a subring of S. 

The Ixrull dimension for simply the dimension) is a wav to mcasure the “size” of 

aving. Namely. this is the maximum length a of a chain of simple ideals of the >: 

form 

py Go S py. 

For example. a field has dimension 0. because it las only one ideal. zero. The 

dimension of integers is onc: a single chain of simple ideals has the form 

O=po SG pZa=p 

Where p- prime number. A local ring with a maximal ideal a is called regular 

if its dimension is equal to the dimension 1/77 as a vector space over R/m. 

The Zariski topology on the affine space A” over the field AV is the topology 

structure. whose closed subsets are exactly the algebraic sets of the given space. 

Algebraic sets are sets of the form. 

VS) = (ve d"vyf eS: f(x) =0} 

where S is au arbitrary set of polynomials of n variables over a field Jy. The 

following identities are easily verified: 

VO)=A". VO)=90 
\ 

1 (5) =1°((8)) 
ideal in a ving of polvnomials generated by elements of S. And for any two ideal 

T and J. 

VAY J =V(L) 

V(DAV (J) = V+ J) 

Since the ring of polynomials over the field is Noetherian. the intersection of an 

infinite family of sets of the form V (7) will be equal to the intersection of its finite 

subfamily and have the form \ (J). Since finite unions and arbitrary intersections 

of algebraic sets. and also A” and the empty set are algebraic. algebraic sets are 

indeed closed sets of some topology (equivalently. additions to them, denoted by 

D(S). are open sets topology). 

If VW is an affine algebraic subset of the affine space A”. then the Zariski topology 
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on it is the induced topology. 

The elements of the projective space E" are the equivalence classes of the elements 

Avt! with respect to proportionality with respect to a scalar nultiplication from 

Ky. Therefore. the elements of the polynomial ring are A fay... ...t),| are not fune- 

tions on EF". since one point has many equivalent representations that correspond 

ro different values of the polynomial. LLowever. for homogeneous polvuomials. the 

condition of equality to zere at this point is correctly defined. since multiplication 

by a scalar "passes through" the application of the polwnomial. Therefore. if Sis 

a set of homogeneous polvuomials. the dehuition 

V(S)= fe eb" (a) =. vf eS} 

Similarly. it is verified that this family of sets is a family of closed sets of a certail 

topology: vou only need to replace the word “ideal” with “homogeneous ideal”. A 

topology on an arbitrary projective submanifold is defined as an induced topology. 

A useful feature of the Zariski topology is the existence of a fairly simple base of 

this topology. Namely. the base of the topology is open sets of the form D(f). 

which are an addition to the set of zeros of the polynomial f (respectively. for 

projective varictics - the homoegeucous polyuomial f). 

Any affine or projective variety is compact: also a compact is any open subsct of 

a variety. Moreover. any algebraic variety is a Noetherian topological space. 

On the other hand. an algebraic variety is not a Hausdorff space (if AV is not a 

finite field). Since anv point of an alacbraic variety is closed. 

The modern definition is based on the concept of the spectrum of a ring. Let 

some commutative ring A with unity be given. The spectrin of the ring Speed 

ix the set of its all simple ideals, and these ideals themselves are points of the 

spectrum. The Zariski topology is introduced as follows - the sets of all simple 

ideals containing some set E or. equivalently. the ideal J generated by this set, 

are considered to be closed spectrum sets. 

Vil) = 4{P € Spee(A)|L C PF} 

It is easy to check all the axioms. For example. the fact that the union of two 

closed sets is Closed follows froma chain of obvious inclusions: 

Vian) © V(ab) C Va) V(b) CV (an), is here V (a) UV (4) = Va nb) 

With the previously introduced topology on affine space. the Zariski topology on 

the spectrum is associated as follows. We define the map A” > Speck [aye ... stad, 

15



Which associates with the point p the maximal ideal m,,. consisting of polwnomi- 

als. equal to zero at this point (it is maNimal. since the quotient ring on it is 

the field A). Obviously. different ideals correspond to different points. Moreover. 

the Hilbert theorem ou zeros states that all maximal ideals of a polynomial ring 

have this form. thet is: the map ur eso, is bijective. Moreover. this map is a 

homeomorphisin 4" outro a subset Specl [ry...... r,|. corresponding to maximal 

ideals (the set of maximal ideals of the ring A with induced the Zariski topulogy 

ix called the maximal spectrin and is usally denoted by Speed). It is enough 

ro prove that this mapping induces a bijection between closed subsets A” and 

closed subsets SpeeA trys... oe,,. but it is almost obvious: the maximal ideals: 

containing ideal (5) are exactly the common zeros of all polvnoiials from S. 

Thus. Grothendieck s mmmovation was to consider not only the maximal ideals of 

the ring. but also all the simple ideals. In the case of a polynomial ring over au 

algebraically closed field. this means that a certain number of “common points” 

ix added to the space A” (one point for each irreducible afline subvariety)). In the 

general case (that is. when considering all possible commutative rings). this en- 

dows Spee with finctorial properties: tu each homomorphism of the rings 4 + B 

there corresponds a continuous mapping SpecB —- Spece\. For a simple spec- 

trim. the construction of this homomorphisin is trivial - the pre-image of a simple 

ideal is taken. for a maximal it does not work this way. since the pre-image of a 

wnanximal ideal is not necessarily maximal. 

The first way to introduce the Zarishi topology on the spectrum of a ring is to 

indicate the base of the topology. The bases are the spectral subsets of the form 

D; ={p€ Speck: f € pf. where f is an arbitrary clement of the ring R. The 

following statements are casily verified: . 

D, = SpecR 

Dy; M Dy = Dry 

From these formulas it follows that the family of all subsets of the form Dy is a 

spectrum covering that is closed with respect to intersections, that is, is the hasis 

of some topology. 

The spectrium of a ring, as a rule. is uot a Hausdorff space. On the other hand, 

the spectriuu of anv ring satishes the separation axiom Tp and is compact. 

lo prove the compactness. if suffices to check that. from the coverage of the 
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elements of the bass one can choose the final subcovering. Uf the set system 

D; : f € Ais a spectriun coverage. this means that the ideal of the ring &. 

venerated by the set A. contains one. That is. equality is true: 

L = hyay wee? + Aa.. in which a; are elements of the set 1. and hy, are some 

elements of the ring R. But then {D,.Dy,...-. D, } is the desired finite sulicov- 

ering of the spectrum. The compactness of the sets De is proved similarly. (It 

should be noted that in the absence of Hausdorflitv. a compact subset does not 

have to be closed!) 

To prove the cequicalence of definitions through the base vf topology aud through 

closed sets. it suffices to check the formulas: 

(a) = Ur-,Dy 

Dy = VF) 

Where 17° denotes the complement of the set 1. and (f) is the ideal generated 

by the element f. 

The structural beam on the spectrum is defined as follows: to each open set Dy 

from the base. the localization of the ring Rois mapped by the multiplicative 

svetem {1. f. f?. ff....}. The elements of this localization are formal fractions 

of the form p/q. such that ¢ is a power of f. Accordingly. the open set Uj; Dy, is 

matched by localization on a multiplicative system generated by fj. 

The same open set can be represauted as U;D;, in many Ways. but it can be 

shown that the localization of the ring does not depend on the choice of such a 

representation and also verify that all other properties of the beam are satished. 

In the case when PF is an integral ving with a field of quotients AY. the structural 

beam can be described more specifically. An element f/y € Jy is called regular at 

a point p € SpecR. if it can be represented as a fraction [/g whose denominator 

docs not belong mathfrak p. Accordingly. the open set U is associated with a set 

of clements AY. which are regular at cach point of UV: one can verify that this set 

is closed with respect to addition and multiplication. that is. it forms a ring. The 

construction of restriction mappings in this case is also more obvious: if OCU, 

then the element of the field of quotients regular at each point ("is regular at 

each point 07, 

The laver of the resulting bundle O at the point p coincides with the localization 

R, of the ring Roby the simple ideal p. this ring is local. Therefore. the spectrum 



of the ving is Indeed a locally ringed space. 

Each homomorphism of the rines 2: A B corresponds to a contiuuous mapping 

of the spectra Un the opposite direction) 2: SpecBo —- SpecA. Tndecd. the 

preimage the prime ideal p € B under the action of is a prime ideal. li order 

to prove the continniity of this mapping. it suffices to prove that the preimage of 

a closed set is closed. This follows from equality 

(2°) “HV (a) = Ve (a). where a is an arbitrary ideal of A. 

It follows from this that Spee is a contravariant functor from the category of 

connuutative res to the category of topological spaces. Moreover. the j map 

for each p € B induces a homomorphism of local rings 

O;. tn) > O), 

Consequently. Spec defines a contravariant functor in the category of locally 

ringed spaces. The image of this fimetor is exactly affine schemes. therefore the 

category of counmutative rings (contravariantly) is equivalent to the category of 

affine schemes. 

In algebraic geometry, algebraic varictics are studied. that is. subsets of the space 

A iwhere (vis an alychraically closed field) defined as common zeros of a certain 

set of polvnomials inn variables. Tf A is such an algebraic variety. consider the 

cohunutative ring of polvnomial functions -l — AK. Then the maximal ideals 

of the ring R correspond to the points of the variety A. and the simple ideals 

all the irreducible subvaricties 4 (the varicty is called irreducible if it cannot 

he represented as a union of two smnaller varieties ). Moreover. the closure of a 

subvaricty consists of all its points and subvaricties. Moreover. the bundle defined 

above on the spectrum actually coincides with the bundle of rational functions on 

an algebraic variety A. 

3.2. Sheaves 

A sheave is a structure used to establish relationships between local and global 

data. Bundles plav a significant role in topology. differential geometry and alge- 

braic geometry. but they are also used in number theory. analysis and category 

theory. 

Ronelily speaking. the sheaf Lon the topological space .Y is given by two types 

IS 



of data with two additional propertics. 

The first part of the data is cuclosed in a mapping that associates with cach open 

subset Uv of a space X a certain (abstract) set AYU). Tt is possible to require. 

in addition. that a certain structure be given on this set. but for now we restrict 

ourselves to the fact that it is just a set. 

The second part of the data consists in the fact that for each pair of open sets 

Vict acertain pro: P(0} 3 FV) map is fixed. which is called the restriction. 

Tt acts like a narrowing operation on the area V of fictions defined on U.) 

The first step in defining a beam concept is to define the concept of a pre-sheat. 

which covers the data spaces associated with cach open subset of the topological 

space. and the operation to restrict this data from larger subsets to smaller ones, 

At the second step. additional restrictions are imposed - the requirements of the 

satisfiability of the axioms of normalization and eluing. The pre-sheaf satisfving 

these requirements is the bundle. 

Let X be a topological space. and C a category. Over the space X. a pre-sheaf 

F is given with values in the category C’. if: 

1. Each open subset U in Y is associated with F(U) - an object of category 

C. 

Fach inclusion WoC 0 of openisets is associated with a morphism of objects 

of category Ch pyr F(U) 3 FW) 

These morphisms are called restriction morphisins. The combination of these 

morphisms must satisfy the following conditions: 

1. For any open set. Uper is the identity morphism of the object FU). 

2. For each double inclusion WCVCTU the equality is true 

3. 

AVE OPE = pr 

The last condition means that it should be indifferent. we restrict the data from 

the area U to the area W directly. or in two stages - with a preliminary restriction 

to V. and from it already to WW. 
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A very compact defitition of a prepouch is obtained in terms of category theory. 

Pirst. the category OLX) of open sets of Vis defined. whose objects are open 

subsets of X. and the set of morphisnis of the obiect V7 of this category to the 

object Cif Vis a subset of © cousists of a single morphism - the display of the 

inclusion Vin ©. and empty otherwise. Then a pre-sheaf over the space N with: 

values in the category C is any coutravariant functor F from the category OLY) 

to the category C. Such a definition pre-leaves admits a further generalization 

when considering fuctors in C not necessarily from a category of the type OLY) 

If the pro-sheaf Yo with values in the category F is specitied over the space C, 

and © is an open subset of NV. the object F(C) is called the pre-sheaf space F of 

Cover the set (. Tf Cis a specific category. then cach clement of the sect F(U’) is 

called of a sheaf Fl over (. by analogy with sections of stratified spaces and the 

etale space of a sheaf. Section over Vis called a global section. The constraint 

prvels) of the section s is usually denoted as s|y-. F(U) is also often denoted as 

(C.F). especially in the context of the cohomology theory of sheaves. in which 

the domain (is fixed and the pencil F is variable. 

A bundle is a pre-sheaf in which 2 axioms are fulfilled: 

1. F(Q) is a terminal object. of category C. Of course. for the axiom to make 

sense. it is necessary for category C to have a terminal object. In prac- 

tice. this is usually the case.. However. the nmiore important axiom is the 

gluing axiom. Recall that in the examples disassembled above. this axiom 

required that the data set (beam sections). agreed at the intersections of 

their domains. always allow (moreover) uniquely their eluing - the section 

over the union of open sets, over which this section is defined as partially. 

For siniplicity. we formulate the gluing axiom in the case when C is a specific 

category, For the general case. see the “eluing axiom” article. 

Let U; be the set of open sets of the space X. aud U be their union. Suppose 

each of them is given a section 5; € £°(0;) of a bundle . A set of these sections 

is called cousistent (compatible) if for all i and j 

PULAU. (s;) = PTAC, U, (s;) 

I. every set of matched sections s; defines a unique section s € F(U), such 

thats, = py es for cach 7, 
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The section s is called the gluing of the sections s;. since it is. as it were. glued 

together from smaller sections. In the examples given above. someé functions 

corresponded to the beam sections. Tn such cases. the gluing axiom starts from 

the functions f;. which coincide at the intersections U; 9 U;, and asserts the 

‘existence of a single function / that simultaneously-extends all the functions f; 

to the set U. - just . which was shown in those examples to prove that a bundle 

was actually presented in them. 

Often the gluing axiom is divided into two parts - the axiom of existence and the 

axiom of uniqueness. Pre-shells that satisfy only the uniqueness axiom are called 

separable pre-shells. 



4. Fujita problem 

4.1 Reidesr’s theorem and Divizors 

1. Divisor function. A polynomial in one variable is uniquely determined to 

within a constant multiplier if one specifies its roots and their multiplicity. i.c.. a 

set of points .ry...... r, © Al with multiplicities Jp... I. The rational function 

pir) = at fo g © RIN) ix dictated by the zeros of the polynomials f and g that 

is. that is. by the focuses at which it transforms into Q or isu t standard. \We also 

take with the minus sign of their multiplicities. To recognize the trenches of g from 

those of f we take their multiplicities with the sign minus. Thus, the function ¢ 

is given by anvpoint zy... se. tv, with arbitrary any integer multiplicities Up. ... 00, 

Presently we set ourselves the objective to also set a levelheaded capacity on a 

subjective logarithmic varvety. 

We will proceed from the fact that. according to the intersection dimensionality 

theorem. the set of points at which a regular function turns 

to zero. it formas submanifolds of codimension 1. Therefore. the object. that we 

will associate with functions is a set of irreducible submanifolds of codimension 1 

with the multiplicities assigned to them. We will give multiplicities integers both 

positive and ucgative. 

De?nition. A collection of irreducible closed submanifolds C),....C) of codimen- 

sion Lin an irreducible varyety X with preassigned integral multiplicities Uy... .. 1, 

ix called = Dievzor, 

A divisior 2D is written in the forma 

DanC +. 41.0, (4.1) 

Hilal the 7, = 0. then we write D > 0 and all the J; = 0, then we write D = 0 

and we sav that Dis effective. lreducible submanifolds Cj of codimension 1 taken



with the coctheionr Tare called sample Divizors. Uf in (4.13) all the 7; 4 0. then 

the varvety Cy ue Cy is called the support of D and is denoted by-SuppD. It 

in (4.18) the simple Divizors C; are different we denote 1, by ee (D). 

Now we define an operation of addition of Divizers. We observe that if we allow 

the coef?cients in (4.18) to take the value OQ. any two Divizors can be writter in 

the forma 

Mealy te tl DY HIG ee £1'C, 

with the same Cy... C,. Then. by definition. 

Di+ DY HAUG) CG ee HU EC, 

Thus, divisors on VY forma a group isomorphic to a free module over Z. whose 

generators are iveducible submanifolds of codimension 1 in This group is 

denoted by DiV (NX). 

We now turn to the comparison of the function f € ALN]. f 2 0 of the divisor. Let 

ft Q. al integer vc(f). 1
 Chea simple Divizor: We first compare each f € LY). 

If V = Al. then this will be an analogue of order zero (or pole? of the function f 

ala point. This can be done only with one restriction on the varvety WY. Namely. 

we assume that .Y is smooth in codimension Ll. that is. that the set of sineular 

points of X has codimeusion > 2. Let C CY be an irreducible subvarvety of 

codimension Land € some affine open set consisting of simple points. intersecting 

with C and is such that C is determined in © by a local equation. Such a set U 

exists exists because of the constraint imposed on AX. Thus. ag = (7) in A{U]. 

\We prove that for any function f € ALN}. f #0. there is such a nmuber / > 0. 

such that f € (x') _f €(e'!). If this were not. if f € (x) for all 7 > QO, then 

f €q'. therefore f = 0. 

The number ? defined by us is denoted by ee (f). Tt has the properties 

ve (fife) = ve (hh) + vc(h) 

vo (fi + fo) = minler (fi) 2 0c (f2)) (4.2) 

for fi+ fs #0 

which casily follow from the definition and irreducibility of C. Tf X is irreducible. 

then aly fniction f € &CX) can be represented in the f = g/h. g. h © kU). 

For f # Owe set oe (f) = ee (g) ~ ec(h). From (1.19) it immediately follows 

that ee(f) does not depend on the representation of f in the forma f/g and that 

t
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4.19) is truc for all f = RON) and other zero. The definition of the munber ve(f) 

given by us so far depended on the choice of the open set (. aud theretore we 

should write ub, (f) instead of v¢-(f). We will prove that in fact. val Tf) does not 

depend on CO. 

Suppose first that ( is an affine open set. VCC. and VAC 40. Then zw isa 
rh (f). But if 

any open set satisfving the same conditions as (7. then OAC snd VAC are open 

local equation of C’ also in V7. and it is obvious that, ob (f) - 

in C and non-empty. and since C' they have a uon-empty intersection. Taking 

WV to an affine neighborhood in (7 AV of anv point € CAV AC. we obtain 

that. according to the previons remark ue (fp= re (fj. hf) = = wt (f). then 

ce (f) = ce(f). Thus. the correctness of the notation nel) is justived. Note 

that if XY = All if C = .2x is a point with coordinate a. and f Ek [A! | = kT). 

then v,(f) coincides with the nnutiplicity of the root a of the polynomial f(T). 

and the general de?nition essence copies this particular case. 

Hee (f) =1 > 0. then say that function f has a zero of order 1 on submanifolds 

C. fee (f) = -l < 0. then f has a pole order 7 on submanifolds C’. Observe that 

these concepts are de?ned for submanifolds of codimension 1 and not for points. 

For example. for the fimetion «/y on 47 the point (0.0) belongs to both the 

subvarvety of zeros (7 = 0) and the subvaryety of poles (y = 0) of the function. 

We now prove that a given function f € kX) corresponds to only a finite number 

of irreducible submanifolds of codimensio 1 such that ve ( ne 0. We first consider 

the case when N is an af?ne varvety and f € k[X]. Then it follows from the 

definition that if C’ is not a component of the eee Vf), then ve (f) = 0. 

If X is affine, as before. but f € KCN). then f= 22/h. g. h-€ RN]. and we saw 

that r-(f) = 0 if C is not a component of V"(qg) or \'(h). Finally. in general case. 

let Y = UU; was a ?nite covering of Y by af?ue open sets. Then any C' intersects 

at least one U;. therefore ve (f) 4 0 only for those C which are closures of such 

inreducible submanifolds C Cc U;. such that ve(f) #0 in Uj. Since the numbers 

U, and of C in any U, are finite and the number of C with ve (f) 4 0. So we can 

consider the Divizor 

Dre(fe (4.3) 

where the stun ig extended to all irreducible submanifolds of codimension | 

for which re (f) 4 0. This is called the Divizor of the f and is denot ed by (f). 



A Divizor view D = (f). f © ACN). is called main. lf (f) = SOC) then to the 

Divizors (fe = Soo ca bCi and (f\y = - fu ab C; are called Divizors of the 

zeros and of fhe voles of f. Obviously. (fy > 0 0. tf. > 0. (Ff) = (fla- (x. 

We draw attention to some simple properties: 

(ff) = Uh (fo). (fy) =O Pek: Of) Soir fehint 

Let us prove that for a smooth irreducible varvety A the opposite is also true: if 

([) > 0. then the finetion fis a regular on the varvety.Y. Let € Va point 

at which f is non-regular. Then f = g/h.h.g € O, while f € O,. From the 

uniqueness of the decomposition into simple factors in ©, it follows that h and 

g can be chosen mutually simple in O,. Let 7 is a simple element of the ring: 

O,which is included in 2 but not ing. In some affine neighbourhood OC of a point 

v the varvety W(7) is irreducible and has codimension 1, We denote its closure 

in XY by C. Then obviously re (f) < 0. This result is also tre if the varie .Y is 

a normal varvety. but we will not prove it here. 

Since on a projektive irreducible varvety X a fnction that is regular at all points 

ix a coustant. then it follows from the just-proved result that if f > 0. then 

f =a € kona smooth projjective varvety Y. In particular. ona smooth 

projektive irreducible varvety a rational function is uniquely determined by its 

Divizur to a constant factor: if (f) = (g). then (fy" ') =Oand f=ag.aek 

The main Divizors forma a subgroup PCY) of the group Dive(X) of all Divizors. 

The factor group Div(V)/P(X) called the Divizor class group and is denoted 

ly C1(X). Divisors belonging to the same ¢ Jass adjacencies in Div(Y)/PCX) are 

called equivalent: Dy ~ Dy if Dj — Di = (f). fe k(XN). The adjacency class 

in Dir(X)/PC(X) are called Divizor classes. In the von above we have: 

LCH(A") = 02.C1 (BY) =23.C1 (BU x x PM) = ZT 

2. Locally Main Divizors. Suppose the varvety -\ is mooth. In this case. 

for any simple Divizor C Cc X and any point 2 € X there is an open set © 

with « € U in which C is given by the local equation m. If D is any Divizor. 

D= ~ LC. and " U any of C, is given by the local equation a. then we have 

D= = es [a | Thus. any point 2x has a neighbourhood in which D is main. 

From a euch newhbourhoods we can Choose a finite covering XY = UU, and in 

any U, we have D == (f,). 

Obviously. the function f: cannot be chosen arbitrarily: fi are not identically zero. 



and in 0 V0; the Divizors (f,) and (fj) coincide. As we saw above. it follows 

that the function Pitj is reaular in 07M (; and does not vanish there. If the 
system of functions {ff corresponding to the sets of the covering {U;} satisfies 
the conditious fife! ix regulary and does not vanish in U9 C). then we will call 
CONSISTOCHT. 

On the contrary, any coordinated system of fimetious defines a divisor on N. 

Indeed. fur any simple divisor C we set le = ve (fi) if UAC ~ 0. where 
and C' are treated as a function and a simple divisor in the varvety U;. From the 
consistency of the system of functions it follows that this number docs vor depend 
on the choice of ©. Obviously there is only finite riumber of such C such that 
leo = 0. are the closures of irreducible divisor component fi. Therefore we can 
consider the Divizor D = So leC. Obviously . it corresponds to a given svstem of 

functions {f;}. 

Finally. it is easy to find ont when the system of functions {f;} and {gj} the 
corresponding to cover {U;} defines the same divisor as the system {Vj}. respee- 
tively. give one and the same Divizor. For this it is necessary and suf’cieut that 
m0; 15 the functions Lig; "were anywhere regular and do not. vanish. A simple 

check is provided to the reader, 

The assignment of divisors by svstems of functions allows one to study their 
behavior with regular mappings. Let py: VY > Y regular mapping of smooth 

nreducible manifolds aud D be a Bivizor on Y. Suppose that SCV) SuppD. We 
prove that with this restriction one can define the pre-image py*(D) of the divisor 

D in the same way as the pre-image of a regular function is defined. First of all 

find out when it is possible to construct the pre-image of a rational function f 

on Yo can be constructed. and and when it is not identically zero to VY. For this 

it is cnough that there is at least one point y € yCY) in which f is regular and 
Fly) #9. Then such points forma not an empty open set 1. Now f is regular on 
V. and theretore 2*(f) regular function on eo! (17) that docs not vanish identically 
lin fact. nowhere). Since ¢ 1(17) is open in X. we see that y' (f) determines a 

rational function in AX. In terms of Divizors our condition on the lapping y and 

the function fis reduced to the fact that g(X)Supp(f). 
Now suppose that the divisor D is defined by a consistent system of the function 
{fi} aud a coating {Uj}. We consider those U; for which ¢(XY)AU; not empty. and 

. 

we prove that pCY) AC; Supp(fi). For it follows from the irreducibility of X that 
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o(.V) is irreducible in Yo If 2OY) 905 C Supp fi}. then from: the irreducibility 

of cCY) and the fact that pON)OU; net empty. it follows that 2UY) C Supp fi). 

Finally. from the fact that Supp(f,). OU; = SuppDAU;. of the irreducibility 

of p(X) and the fact that it intersects with U; it follows that ¢CVY) C SuppD. 

contrary to What was sugested. 

Therefore. for all O) which intersect with ¢CY) the rational fimetions 2° (f:) are 

dened in g '0)). The sets o 1 (U,) = Vj for which pCY) intersects with ©, are 

open aud forma a covering of Y. and the functions 2 (f;) forma a coordinated 

svstenn. of functions thar defines some divisor on XY. Obviously this Divizor will 

not change if D another system of fictions. The results Divizor is called the 

prototype Divizor D and is denoted by ~"(D). 

In particular. if ¢CY) is dense in Y. then the pre-image of some Divizor D € 

Div’) is defined. 

If D and D! are two Divizors on Y given on systems of frictions of {fi} and {gj}, 

corresponding to coverings {U;} and {V5}. then the Divizor D+ D' is given by 

the svstem of frnetious {fig;} and the covering {C; M1) }. From this it follows 

at once that p* (D+ YD) = 9 (D)+ p(D°. so that if pC) is dense in Y. then 

> defines a homomorphisia ~ 
7 

Y 1 DiWY > DicX 

The imain Divizor (f) is given by the system of functions 

fe = f. and therefore 2 ((f)) = (2° (f)). Therefore gy" maps PCY) into PCX) 

and defines the homorphisin y" + CIO) - CILX). 

As an application of the assigument of divisors by agreed systems functions we 

prove how it is possible to compare a divisor. not a function, but a forma from 

coordinates on a smooth projektive varvety. Let VC P* and F be a forma in 

the coordinates in P* that is not vanish identically on XY. For any point. é 

consider a forma G of the same degree as F. that Gv) 4 0. Such formas exist: 

for example, if v= (ay sees 2 ay anda; # 0. we can take G = ra Then 

f= F/G isa rational function on XY and regular in au open set. in which G 4 0. 

It is casv to see that there are such formas of G; that open sets Up = XN — Xe 

forma a covering of the varyety VY. Just as casy believe that the functions of 

f= F/G; and the open subsets U, forma a consistent system of functions and, 

therefore, define a divisor on Y. Another choice of formas G; will not change 

this divisor. which therefore depeuds depends only the forma F’. Tt is called the 



Divigor of F and is denoted by CF). Since the f: are regular in the sets 0). we 

have F > 0. It fy is another forma. deghy = degF. then (£)— (F,) is the Divizor 

of the rational fauction / Fy. Vherefore (F) ~ (FE) ifdegky) = degF. 

In particular. all Divizors (L). where L is a linear formaa. are equivalent to cach 

other. Evidently Supp(L) = NXy,. the section of Y by the hyperplane L = v. 

Therefore thev are called hyperplane dicizors scction, 

Taking higher for Fy the forma LY"? we vet that (F) ~ deyF(L). where (L) 

lvperplaue section divisor, 

All arguinents related to the definition of a divisor by a consistent system of func- 

tions can be generalized to arbitrary. not necessarily smooth manifolds. However. 

the possibility of setting a consistent system of functions must be taken for the 

definition of a divisor. The object to which we thus arrive is called a locally main 

Divizor. 

More precisely, the locally main divisor on irreducible manifolds is a svstem of 

rational functions { fi} corresponding to open sets of the cover {Uj} and satisfving 

the conditions: 

1) the f) are not equal identically O and 

2) fi}! and ff! are regular on U5 AU). 

Moreover. the functions {f;} and {g;} and coverings {Uj} and {Vj}, respectively. 

deternune the same Divizor if fig; and fe 'g; are regular in | AV). 

Some function f € ACY) defines w locally main divisor if put fj; = f. Such 

Divizors are called iain. 

The product of locally main divisors defiued by functions {fi} and {g;} by cov- 

evings {Uj} and {V5}. is called a divisor. given by the functions {fig;} and the 

cover U; A V;. All locally main Divizors forma a en nip. aud the main Divizors a 

subgroup of it. The factor group is called the Picard group of the varyety Y and 

is denoted by Pic(X). 

Any locally main Divizor has a carricy ~ it is the closed subvaryety consisting in 

the set in U; of points at which fj) is not regular or to zero. Just as for Divizors 

on smooth manifolds. one can de?ne the preimage of a locally mai Divizor D on 

Y under the regular mapping gy: NV Y if CY) is notcontained in SuppD. 

We note one important special case. If X is a smooth varyety and Ys not nec- 

essarily siwooth manifold. aud then auy such Divizor D on NV for which SuppDY 

determines a locally main Divizor Don Y. To see this we have to consider the 



embedding ~ :)> — NX and to set D= ped). We will call D the restriction 

of D to Y and denote it by yg, (D). From the de?uition it follows that for main 

Divizors g,.(Cf)) = (7). where f the restriction of the function f on Y. 

The ditference between divisors aud locally main divisors manifests itself only in 

the case of nonsinvoth manifolds. ~~ - 

3. How to Shift the Support of a Divizor Away from Points 

Theorem 1. For any Divizor D on asmooth varvety X and finitely many points 

Levees tm € NX there exists a Divizor D’ such that D’ ~ D. x; ¢ SuppD’ 

We can assume that D is a simple Divizor, otherwise it would be sufficient apply 

the theorem to each of its components. Choose an affine open set in X containing 

pots My... ..: tm. It suffices to prove the theorem for this set. so we can assuine 

that .Y is an affine varvety. Appivns induction on the number m. we can assume 

that wy...... tn & SuppD. v4, €¢ SuppD. It remains to construct such a divisor 

D' that D'~ D, 21.....- uy. € SuppD'. Consider some local equation equation 

7’ simple Divizor D in a neighbourhood of .2;~7. We prove that 7 one can chosen 

so that 7’ € k[X] (by assumption. X is affine). Really, x regular at the point 

t,.;. and therefore. if (7). = Yo ky). then ays; ¢ Fy. Therefore for each / there 

is a frnction f7 € LX] equal to zero on F; and that fi(tier) #0. Function it 

r= 7']] fe is regular on VY and 3s a local equation of D in a neighbourhood 

of aj4;. Since the condition .v; € SuppD Ux U--- Uap U tyay Us U 2; 

(j=l..... i), for any j = 1,...,/ there exists a function g; € kL] that gj|p = 0, 

gj ) =0 (I=1.....j7-ljtt..... i). gj(vj) #0. 

\We consider the function 

fart > ajgj-aj € hk. 
j=) 

and choose the constants a; so that 

Plrj) FOG = Ld) - (44) 

It’s cnough to take a; 7 ~ H(t) / 9525) * Such that all gjp = 0. in the local tings 

O,,,, We have g; = O(a yand ajg; = Wh h€ On, f= a+ th). 

Since (1+ ah) (ajy1) = it follows that f is a local equation of D in a neighbour- 

hood of tj41. Therefore (f) = D+ Yo 1rsDs, and no one of the simple Divizors of 



D, passes through 7; ,1. This mcaus that if we put DFP"), then aja. ¢ SuppD"'. 

Next. (4.18) proves that .r; € Supp(f) = L..... i). therefore the Divizor D’ 

satis?es the conditions of the theorem. 

Here is a first application of Theorem 1 we have de?ned the inverse image f*(D) 

-of-a Divizor D of a varvety Y under a regular mapping f : }> — Y. provided 

that f(Y)SuppD. 

Theorem 1 allows us to replace the divisor D with an equivalent Divizor D’ 

such that + ¢ SuppD’, where x is an arbitrarily chosen point of f(1°). Then 

automatically f(17)SuppD’ and the preimage f*(D’) is de?’ued. This proves that 

we can. Without any restrictions on the regular mapping / determine the preimage 

of the class of Divizor C' € C7CY), To do this, choose in C' such a Divizor D that 

{(’)SuppD and consider a class on Y containing the Divizor f"(D). It is easy 

to verify that in this wav we get a homomorphisin 

fe: CuUNX) > CUY) 

In other words, C7(.N) is a functor froin the category of irreducible smooth alge- 

braic manifolds to the category of Abelian groups. 

4. Divizors and Rational Mappings. Comparison of the functions of divisors 

is useful for the study of rational mappings of manifolds into projektive space. Let 

¥ be a smooth manifold and gy : XY 3 P" it’s rational mapping. Find out at 

which points the maps y is not regular. 

Rational mapping is given bv the formaulas 

v= (fore: fa) fi € WX) . (4.5) 

and we can asswne that none of the functions f; is identically zero on A. Let 
rt 

(ii) = oi) 
Jol 

where the Cj- ave simple Divizors. At the same time. we assume that some 4;; is 

ZCYO. 

To find out if g is regular at a point 1 € X we define C;-by the local equation 

a at x. Then 

(fi) = ll mi | uj.uy € Oz, ula) # 0. 
J 

Due to the uniqueness of the decomposition into simple factors in O, there is 
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a common greatest divisor of d elements fo... .. f, that is. an clement d.é k LX) 

such that fid°' € ©, and if dj € hk (X) is such fidy? € O,then dj|d. that is 

dd;! € Oy. 
Since the local equations of irreducible manifolds are simple elements in O,, then 

k mun cee 
d = a.’ hy = Ave. 

| po” ; ij 
i=0 

The mapping y is regular at the point .r if there exists such a function g € k(X). 

that fig7! € Oy (6 =0,....,1) and the (fig7!) (2) are not all zero, In view of 

the definition of the common greatest divisor. this implies that g/d. Ifd = geh. 

h€ O, and h(x) = 0. then h (fig7!). because all the (fiy7') (x) = 0. Thus. 

only a function g such that d = geh, hv) 0. can satisfy the necessary 

conditions. Then fig7! = (fig7'). that. is. 

fig = [LE =” ") (ugh). 

i 

and map ¢ regularly if and only if not all functions IT; a vanish at x. To 

translate this answer into the language of divisors. we call the common greatest 

divisor of divisors D; = D> hjjCj (i = 1....1) Divizor 

MLN 

t=1,....0 

Obviously. that DitP7etPre-PQ29) and the Divizors D: have not common 

components. Suppose in particular. let us put 

D = g.c.((fo)..--s(fn)), De 

Then in some neighbourhood of 2 

kyj-k : 
Ihe, i) | — Pr 

j 

and we can say that the mapping y is regular at then and only when not. all 

the S uppD: manifolds pass through this point. So Shafareevich have proved the 

following result. . 

Theorem 2. The rational mapping (4.18) is non-regular precisely at the 

points of the set 



Since the Divizors 2! do not have common irredneible components. the set WuppD!. 

is of codimension > 2. 

Remark. The Divizors Di can be interpreted as the inverse images of the hy- 

perplanes vw; = O wader the mapping y 2 VY — P'. For if «© € VSuppD) and 

in D = (1) a neighbourhood of a. then in the same neighbourhood a reeular- 

napping is given by the formaulae: 

C= (fos eee st fh). 

The inverse image of the hyperplane w; = U has the local equation f;/h. hence 

coincides with D.. 

More generally. if A= (Ay 2+ Ay) and Ey CF" is the hyperplane 

S~ Avr; = 0. then 

»(E)= (SM) -P. 
5. The Space Associated with a Divizor. The fact that all polynomials 

f(t) are degree <n forma a vector space of finite dimension, can be interpreted 

as follows in tens of divisors. Denote by 2. an infinitely distant point on the 

projektive line BF! with coordinate ¢. The polynomial in ¢ of degree 7 has a pole 

of order Fat a. aud has no other poles. Therefore the condition deg f <n can 

he expressed in the following: the Divizor (/) + may is eflective. 

Similarky. for an arbitrary Divizor D on a smooth varyety XY we can consider a 

set cousisting of zero and those fiumtions f € k CX ).f #0. for which 

(f) + D> 0. (1.6) 

This sct is a linear space over the field k with respect to ordinary operations on 

functions. Indeed. if D = So n,Cj. then (4.18) is equivalent to 

vc (ff) = —ni. ve (f) 2 0 for CAC; 

ay view of which our statement immediately follows from the formautlas. 

The space of ftnctions satisfying conditions (4.15) is called the space associated 

with the Divizor D and is denoted by LP). 

The analogue of the fact that polynomials of degree <n forma a finite-dimensional 

space is that the space £(D) is finite-dimensional. if D is any divisor. and Y is a 

projcktive vary, 

The dimension of the space L(V) is also called the dimension of the Divizor D 

and is denoted by 1 (1). 
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Theorem 3. Equivalent Divizors have equal diinensions, 

Let D, ~ Ds: this means D, — Dy = (gy). gy € A(X). Tf f € £(D1). then 

f+D, > 0. From this it follows that (fg) + Dy = f+ D, = 0. that is. 

fg € L(D2). g£( Di) = £(D2). Thus. multiplication of all functions f € £(D1) 

the function g is determined by an isomorphisme-of the spaces £(D,) and £(D2). 

and the theorem follows. 

We see that it is possible. therefore. to speak of the dimension [(C) of the class 

of Divizor C. meaning by this the common dimension of all the divisors of this 

class. This number has the following meaning. If D € C. f ¢ £(D). then the 

Divizor Dy = (f) + D is ellective. Obviously. Dr ~ D, therefore Dr € C. On’ 

the contrary, any effective divisor D’ € C' has the forma Dy, where f € £(D). 

Obviously. if X is projektive. then the fiction f is determined by the Divizor Dy 

uniquely to a constant factor. Thus, we can establish a one-to-one correspondence 

between effective divisors of class C and points of the (1(C) — 1)-dimensional 

projektive space | P(L (D)) corresponding to divizor D. (recall that the projektive 

space P(L) corresponding to vector space L consists ot all direct speces L). 

The space £(D) when defining rational mappings by Divizors. If 

e=(forcrrt fi) XX > Pp" (4.7) 

is a rational mapping and, . 

D = g.c.d.((fo).-.-n))Di = (1); - PB (1.8) 

then D; > 0. hence all the fi € £(-D). 

The choice of the functions ¢ depends on the chosen system of projektive coor- 

dinates in P”. Therefore. in an invariant way. the map p(C-Y) there corresponds. 

to the set of all functions S7y_o Ai f; that are lincar combinations of the f;. These 

functions forma a linear subspace Moc L(-D). Further we will assume that 

p(X) is not contained in any proper linear subspace in P”. Then S~ Ai fi #0 on 

X if doesn’t all the A; = 0. The set of effective clivisors corresponding to such a 

set of functions. i.c.. the Divizors .W (g)+ D.g € M. is called a linear system of 

Divizors. If Af = £(-D), then the linear system is called complete. The sense 

of Divizors (f) — D. f € AZ, is very simple: these are types of the divisor of hy- 

perplanes in P" under the map ¢. Thus, we can construct all rational mappings 

si) 



of a given sinocr varvety X into differcut projcktive spaces. For this we need to 

take an arbitrary Divizor D. and in the space £(—D) a linear ?nite-dimensional 

subspace M. Tf fo..... fa ds its basis. then oes (4.19) will give desired map- 

ping. Notice that Divizors D; for thise f; € ) have an additional property: 

they have ne common coniponents. 

Since the nuutiplication of all functions f; by the common factor g € k(X) 

does not change the mapping y. and a Divizor D is changed to the equivalent 

Divizor (g) + D. the rational mapping invariantis the class of the Divizor D of 

the rational mapping. Thus. we have the following a way to constructing all such 

rational mappings v of a varvety X into the projektive space P” that e(X) is 

not contained in any proper subspace in FP’: choose an arbitrary class of Divizors 

on .Y. and for anv Divizor D of this class in the space £(—D) there is a linear 

*nite-dimensional subspace Af such that the effective Divizors (f) — D have no 

cohunon components. 

If fo.....f), is a basis of AL. then our mapping is given by formaula (4.19). Of 

course. it may turn out that £(-—D) = 0 or that all the Divizors (f) — D 

f € L(-D) have a common component, then this class of Divizor does not lead 

to anv mapping. 

We draw attention to one interesting property of the resulting picture. Among all 

rational mappings corresponding to a given class C’, there is one a maximal: that 

which is obtained if taking for M the whole space £(—D). D € C. (Here rely on 

the unproved theorem that the space £(-D) is ?nite-dimensional.) 

All other mappings corresponding to this class are obtained by constructing 

the composing this mapping with various projection mappings. Indeed. if y = 

(foiere: fy) and say. U = (fo:- fa), n< N,thenw = 17 mp. Where m(Xg tec: 

(x9 .++:2,) isa design that we now consider as a rational mapping. 

Let us sce how this scheme works if take the projektive space P” for X. We know 

that CL(P") & Z and this class Ch corresponding to an integer 1 consists of the 

Divizors of degree f. | 

Obviously, if 1 > 0, D € Cy. then L(-D) = 0. If l < 0. then we can take 

for — — D the Divizor — — IE. where F is the Divizor of an infinity distant 

hyperplane v9 = 0. In this case £L(-lE) consists of polynomials of degree < —] 

in inhomogeneous coordinates Sif Udye ae. Lm/xy. If multiply formaulas of the 
am Chan 

resulting for the mapping by ty, we obtain the Veronese mapping v, : P”’ > P" 

1 0N ) 
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Plus, we see that any rational mapping of the space FP" is obtained by composing 

the Veronese map aud the design. 

6. Divizors on Curves 
a! “7 . . - . ; - + - =e . : . - . 1. Consider a projektive sinooth curve. A Divizor on X is. therefore, a lincar 

combination of points D =o kyay. hy € Za; € XN. The degree of Divizor-D 4s: 

the munber degD = D> ky. 

Theorem 1. If f: X — Y is a regular mapping of smooth projektive curves 

and f (X) =). then deg f = deg f* (y) for any point y € Y. 

In Theorem 1 f* (y) is Divizor on V that is the inverse image of the Divizor on 

Y consisting of the point y with the coef?cient 1. Then. deg f is the number of ’ 

prelmages of any point y € }° (taken with right multiplicities). This makes the 

intuitive sense of the degree of mapping f clear. It proves how many times X 

covers )” when the map is f. 

Corollary. The degree of a main Divizor on a smooth projektive curve XV is equal 

to zero. 

Indeed.any non-constant function f € & CX) defines a regular map fi X oP. 

At the same time for the point {* (0) = (/)p for 0 € P! - this immediately follows 

from the definition of both Divizors. Similarly f* (oc) = (f),.. By Theorem 1, 

deg (f) = deg( |), — deg(f). = deg f” (0) — deg J” (0c) = deg f — deg f = 0 

If ¥ and Y are two manifolds of the same dimension and if f is a regular mapping 

a - XN + Y such that f (X) is dense in Y, then it determines an embedding 

-k(¥) 3 k(X) utilizing this we shall henceforth regard k (1°) as a sub?eld of 

k wk ) ( that is. for u C &(Y’) we write uw instead of fF (uw) when this cannot lead 

to misunderstandings). 

Theorem 1 follows from two results. To state them we introduce the following 

notation. Let «1,..-;2, 18 points on the curve . We set 

i=1,....7 

Thus, O a of the functions that are regular at all the points w4,..... ty. If 

{py r= Ty). y €Y, then the ring O,,, which we have agreed above to 

vonard asa “! wing of F(X), is contained in O, 

Theorem 2. © is a prin?cipal ideal ring with finitely many simple ideals. 

There exist elements t; € O such that 



wlSijser. CLL) 

Hou < O. then 

ustypee tre. (4.11) 

where [j= ey (dina v is invertible in O. 

Theorem 3. TE Cryo... re} = (y). then O isa free module over O, 

and O x OF. where n = dees. 

Let us 2’rst prove how Theorem | follows frou Theorems 2 and 3. Let tbe a local 

parameter at yo and frye... red = fo! (y). 

nae ]i + . : yl . . 

According to Theorem 2. ¢ = t+: the. whore = cv, (t). Recalling the de?nition 

of the inverse image of a Divizor we sec that 

fe (yy= > dar; and «de of (y= yon I. 

Since the elements (y..... [,. are pairwise cosimple in O. we have 

O/ ()) 

| 

It is easy to see that any clement we w € O has a unique representation 

O's 

i 

r 

in the forma 

N ] . 
uz ay bah bee + ae (mod (| a, Eh, (4.12) 

For if we have already got the representation 
~ 1, 5 

wezag tat foe be hy (rod FF) 

Then 

i (Cu — Agr A he! pEOCO,. 

We set v(x) = ax. Lhen vy, (1 43) 4 Q. and from Uheorem 2 it follows 

that v= a- (mod tj). that is. 

we age ayt, fee ah! “fb at? (ined #7") 

This proves (4.12) by induction, 

From the representation ¢ 1.12) it follows that dim. 6/(t)) = 1; Therefore 

r 

dinQ/(t) = S- I; (4.13) 



When we now apply (£13) it follows thar © (fy = (@,,/(f))". But Tis a local 

parameter atv. therefore 

Ob x kidimOst) = n= def (LLL) 

Now (2?) and (4.14) prove Theorem 1. 

Proof of Theorem 2 We denote by uw; a local paraueter at 1. Then TP; OCCULS 1 

the Divizor (v;) with the coct?cient 1 that is, (a:) = 0; + D. where we; does not 

ocetr in D. Tecan shift the sapport of D away from wy... ee. vy. that is. we can nd 

a function f; such that these points do not eceur in D+ (f;). This means that for 

(, = u;f; the relations (4.19) hold. Let a € O. We set vt, (u) = 7;. By hypothesis. 

/, >. For the element v= uty! aan we have cy (vy) =O. foralli=l..... i, 

from which it follows that ¢ € O and ve! € O Su we obtain a represcutation 

(4.20) for uv. It remains to verify that O is a plincipal ideal ring. Let a be an 

— ; inf 1 7 ~ 

ideal of O. We set 7; = ey (tw) and = tj +-- tl: . Then wav! € O that is. 
ved 

ac (a). 

Let us prove that a = (a). To do this we denote by a’ the set of functions ua7!, 

; , ; is ‘nef ; 

u € a. Evidently a is an ideal of © aud Uy, (uw) = 0. Hence for any 
wea . 

P=l..... r there exists au, € a for which v,, (u;) = 0. that is. 0; (7;) = 0. 

. . NO. ; : 

An obvious veri ?cation proves that Ue fe) =O =H |..... r for the element ¢ = 

ia Wjlje. byte EU (he svmbol ¢, indicates that. the corresponding fajethr 

is absent}. This meaus that coh EO. therefore 

a7? a = (a). This proves the theorem. 

Xow we turn to the proof of Theorem 3. First of all. we prove that O is a module 

of Ynite type over O,. For this purpose we recall that according to Theorem 11 

the mapping f is ?nite. ‘Phere fore the point y has an af?ne neighbourhood 

such that the curve (=f 1(V7) is also affine and that the ring = A{U] is a 

module of finite type over B= k{V]. As always. the embedding BC Lis eflected 

ly the mapping f” 

Lenuna, Tn the previous uotation O= AQ, even if ¥ is not a normal curve, 

For if ¢ € O and >, are the poles of 2 on (. then frd=uFy. There exists 

a function  € B such that hty) = 0. h (yi) = 0. and yh € O.,. hence yh € A 

Since Woh © O,. we have 2 & AO,. So we have proven that OC AO,. Vhe



betaine dnt er eel 

reverse Equclusics: IS obvious. and the lemma is proved. 

Now we can colplete the proof of Theorem: 3. Clearly. gcnerators of the module 

A over AV are at the same time generators of AQ, over O,. Therefore O isa 

module of Ynite type. By the main theorem on modules over a main ideal ring. 

O is a direct sum of x free module and a torsion module, However O,, and O are 

contained in the Peld SOX). from which it follows that this torsion module is zero 

and that OS € i for sume m. 

It remains to deternune mm that is. the rank of ©. Ir Is equal to the magnum 

number of incarly independent elements over ©, contained in O. Since linear 

independence over a ving and over its Held of fractions is one and the same thing. 

and since the Yeld of fractions of ©). is kU}. we see that mr is equal to the 

maximal number of linearly independent elements of O over h(Y’). 

By hypothesis. [Fh OY) ()°)] =n. so that necessarily im <n. It remains to prove 

that © contains 2 linearly independent elements relative to k(Y7) Let ay..... On 

be a basis of the extension ACY)/A(Y). We denote by 7 the maximum order 

of the poles of the functions aj, at the points 2 and by ¢ a local parameter of 

y.Evidently the funetiohs a,f are regular at these points. hence ave contained in 

©. Consequently. they are linearly independent over ky]. This completes the 

proof of the theorem. 

7 Bezout's Theorem on Curves. Here we give the simplest applications 

of the theoren: on the degree of a uwain Divizor. They are very special cases of 

more gencral theorems. which we shall prove in connection with the theory of 

intersection indices. [Lowever. it is couvenicnt to eive an account of these simple 

cases now. because they will be useful for us in the next subsection. 

Lot ¥ bea smooth projektive cmve, VC P’) F a forma in the point coordinates 

of F" that is hot identically zero on XN and wr a point on XY. 

We have introduced the Divizor (FY of Foon NX. Vhe degree deg(F’) of this 

Divizor is also denoted by CX. I) and is called the intersection index of Y with 

the hypersurface Py. 

Theorem L leads af once to an diportant consequence: this nmmber is one and 

the same for all formas of the same deeree, 

kor if deg k = deg. then f= ik, © ROX), From the de?nitiou of the Divizor 

(2°) it follows at ouce that (FP) = (Fy) + (f). hence (F)(F)). By the corollary to 

Theorem 1. deg k = deg Fy. 



To find out how the munber (XY. #) depends on the deeree of the Forma F it is 

suf?cient te take fur F anv forma of degree m = deel. In particular. we may set 

F=L". where L is a linear forma. Then 

(NX. F) =m (X.L) = (degF)(X.L) (4.15) 

‘Finally. we explain the meaning of the number (X. Z). We have introduced the 

concept of the degree degV of a curve V as then maximum munber of points of 

intersection of XY with a hyperplane not containing X. 

Since (XN.L) = doy tr(Z). we have degX¥ < (X:L). Let us ?nd out when 

v,(F) = 1 for the case of an arbitrary forma F. By virtue of the additivity of 

the function v; (fF) it is sufficient to consider the case of an irreducible forma. 

Lemma. Let X CP", F an irreducible forma. and Y = P7S. The equality 

v,((L)) = 1 is equivalent to the fact that F (vz) = 0. and @,3-O,.. Both these 

spaces are regarded as subspaces of Oy pe. 

The proof comes from a comparison of some de?nitions. Let. G be a forma for 

which G(r) 4 0. degk = degG. By de?nition, v.(F) = v(f). where f = 

(F/G) \x. We know that ty (f) > 1 is equivalent to the fact that f € m2. or, 

what is the same. d,f = 0. But d,.f € Ofy is also the restriction to O,.y of 

the differential d, (F/G) the function F/G. which is rational on P” and regular 

atv. This, ty(F) > 1 is equivalent to d, (F/G) = 0 on O,.x. Furthermore, 

F/G is a local equation of Y in a neighbourhood of .r in which G 4 0. Therefore 

d, (F/G) = 0 is the equation of OH. and d, (F/G) = 0 on O,.x if and only if 

0, D Ox. We apply this to calculate the intersection index (X, Z). 

Since the number (X. LZ) is one and the same for all linear formas Z. the nwuber of 

points 7 € X for which £ (2) = 0 asstimes its maximum when all the v, (LZ) = 1. 

By the lemma. this is equivalent to the fact that the hyperplane £ does not touch 

Taking for Z such a linear forma we ?nd that 
X at any point. 

degX = (N,L) - (4.16) 

It onlv remains to verily that lincar formas with the required property actually 

exist. This is easily done by means of arguments we have used many thes: in 

the product Vx F" [ where P” is the space of hyperplanes in P”) we consider the 

set Poof pairs (a, &) such that € touches XY at a. A standard application of the 



theorem on the dhuension of ?bres of mappines then proves that the image of P 

~ ne 
oO = 

Ml 

under the projection VY » FP" — P" is of coduncusion > 1. 

Comparing (4.18) and (4.19) we obtain the relation 

(N.F) =degF odegN cvee oe (4.17) 

which is called Bezoul’s theorem. This theorem has many applications in elemen- 

tary geometry. 

8. Cubic Curves. From the corollary to Theoren: 1 it follows that all equivalent. 

Divizors on a smooth projektive curve have the same degree. Hence we can speak 

of the degree of a Divizor class. We have therefore the homomorphism 

deg: CILX) + Z 

whose image is the whole group Z and whose kernel consists of the classes of 

degree zero and is denoted by CI°(X). The role of this group will already be 

clear from the following result. 

Theorem 4. A smooth projektive curve X is rational if and only if 

Cl (NX) = 0. 

For if X ~ P! for n = 1. There we have seen that CP (P') =Z and hence 

cr (BP!) = 0. Conversely. let CP(X) = 0. This means that any Divizor of 

degree zero is main. In particular. if.r,y EX, 6 # y, then there exists a function 

f €k(X) such that v-y= (f). Regarding f as a mapping XY — P! we deduce 

from ‘Theorem 1 that k(X) = k(f). that is. f is a birational isomorphism. Since 

Y and P! are smooth projektive curves. f is an isomorphisin, 

Xow we analyse the simplest case. when Cl’ (X) 4 0.These are plane smooth 

projektive curves of degree 3. We have scen such curves need not be rational: for 

©. the curve with the equation i? + y? = 1 is nonrational. We prove that 
exampl 

all plane smooth projektive curves of degree 3 are non-rational. We shall now 

make use of this fact. 
| 

Theorem 5. We choose an arbitrary point xq ona smooth projektive plane curve 

X of degree 3 and 

The mapping « > C, determines a one-to- 

associate with any point x € X the class C, containing the 

Divizor x Uo. 

one correspondence between points a € X and classes C € Cl? (X). 

IC, = Cyt to~ Yo wgand x y. From the proof of Theorem + it follows 

zie) 
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that for anv vr 4 y this would lead to the curve VY bemg rational. whereas we 

know that it is not. 

It remains to prove that in any class C' of degree zero there is a Divizor of the 

forma x — wo. To begin with. let D be any ettective Divizor. We prove that there 

exists a point « € XY such that: 

Dw~xtlxo (1.18) 

If degD = 1, then (4. 18) is true with 7 = 0. IfdegD > 1. then D = D™?. 

degD ‘sdegD-1 fy" Applying induction we may assume that (4.18) is prov ed for 

pb Then D~ y+ ov my. If we can find a point 2x such that 

yrrr~ LM (1.19) 

then (4.18; follows. 

First let y 4 2. We draw the line through these points with the equation L=0. 

By Bezout’s 5 theorem (L.X) = 3, and hence 

(L)=ytet+uue xX. (1.20) 

Next we suppose that u + xy. and we draw the line through u and 2p. with the 

equation EL, =0. Asin (4.20) we ?nd that. (21) = utryre. Since (L) ~ (1 ) we 
‘“ 

have yteturvutsots. hence (1.19) follows. 

We still have to analyse the cases when y = 2 or u 

the tangent to X at y. Let L = 0. be its equation. v,((Z)) > 2 and therefore 

2y+u. Thus. (4.19) also holds in this case. The case u = 2p 1s treated 
(L) =2 

similarly. 

Now let degD = 0. Then D: D,—D», D 1 > 0, 

ve see that Dy ~ yt 

= ro If y = z, then we draw 

Dy > 0. degD;=degD 2. Applying 

(4.18) to Dy and Dz \ ry. Dy ~ 2 + lagwith one and the 

same 1. because degD1 =degD». Therefore 

D= dD, —_ Do~y-s, 

and it is suc to ?nd a point x for which y— 2 ~~ > Xo. This is equivalent 

to yng ~ and is the same as (4.19) apart from the notation. 

4. The Dimension of a Divizor, In § 1.5 we have associated with a Divizor D on 

a smooth varyety a \ 

Theorem 6. The space £ (D)i 

-ector space £ (QD), 

is ?nite—dimensional for any Divizor D on a smooth 

4 



projektive alechvaic curve, 

First of all it is casy te rediice the assertion of the thearcm to the case 

D>0o0. Farhi D=D,— Dy. D, > 0. D2 > 0. Mien LCD) c L£(Dyi: 

f < LID). then (f)- D, - Dy = D=". hence (f) + Dy = D7. thar is 

f ELD). This gives the required reduction. Now let D> 0. 

an
 

D = pry, & 0. At the points pve choose local parameters ¢). 
Luis! 

The condition [| € £(Diis equivalent to ¢,,(f) 2-1 (= le... rn). 

vif) > Ofor rs are thatis fe tO, (= 1... r). f €O, torr = 2;. 

In view of all this we cam consider the near mapping 
b 

ei £L(D) > @ t,7O.,/0... 
(= |] 

that associates with a fimetion f € £(D) all its residue classes in the spaces 

PO. 1On. Wel f) = 0. then f€ On,. FS 1-1). and since fe LUD). we 
have f € O,. fore 4 vy. Therefore f is regular at all the points a € XV. Since V 

ix a projektive curve. such a function must be a constaut. Thus. the kernel of 2 

ix fk. hence one-dimensional. ‘To prove that £(Y) is *nite-dimensional it remains 

to verify that the space 

' 

BD #,°O./Or,. 18 Hinite-dimensional. Obvionsly multiplication by t?” 

\ 

i=l 

determines an isomerphisi /, O,,O SO, OO) and inthe proof of Theorem ry 

r 

yo have secon that the space O,, AeO, As of finite dimension; Thus, @ot.""O,,, 

is a direct stun of finite- dimensional spaces. 

hence itself ?iite-- climensional 

Together with the proof of the theorem we have obtained the estimate 

dim£. (D) <dcegD + | for D> 0. 



4.2. Commutative algebra spproach to Fujita prob- 

lem 

Article is dedicated to Fiyita problem [3]. one of algebraic geometry problem. 

which is still open since LYST. - 

N is sinootli projective 4 variety of dimension 1. Tayjita proble ln states: 

Statement 1. /f V is minimal variety of gencral type. then Tear system 

unix has glohal qoucration wher im 2 wr an 

Statement 2. /f Ais ainple and invertible sheave on N.then linear system 

imix + + L)Al has global generation and ‘nity + (2+ 2)At ts very ample 

on X. {1 

For surfaces the Fujita conjecture follows from Reider’s theorem. 

For three-dimensional algebraic varictics Ein and Lazarsfeld in 1993 proved 

the first part of the Fujita conjecture, i.e. that meet implies global generation. 

We use conmmutative algebra. 

Coumitative algebra approach is using ti¢ht closure and allows us to prove 

theorem in arbitrary characteristic without the use of desingularization or val- 

ishing theorems. 

We show that N uot be smooth. F-rationality is sufficient. 

Also dine bundle L not be very ample. it is sufficient that the complete hnear 

fines a generically finite map to proper subvariety of a projective 

space of dimlL\ |. |2| 

Theorem 1. V ix projective and F-rational and dimX = d. complete linear 

system E defines @ ge nerically finite map to proper sihvaricly ef.a projective space 

of dim L then Ky +dL is globally gene rated wiless XN — P" and L is hyperplane 

hunidle. 

Lemma 1. Zhe following conditions arc cquecvalent 

1) reflexive sheave Oy Is globally generated 

| 2) there exists an integer N such that every elcment of local cohomology mod- 

, ale of 78!) of degree Less 

then NX has non-zero multiple of degree —n. 

Lemma 2. [fa loral ring (BR. im) of prime characteristic and dimension d+ 1 

jx F-rational on its punclared spectrin then the light closure of the zcro module 

f4] oo 

in the local cohomology module HO" has finite length. 

Me
 



Lemma 3. Let R be a normal N-graded ring over perfect field of prime char- 

acteristic p. and let I, and Iz be ideals of R generated by homogeneous elements 

of degrees strictly less than 5 and greater than or equal to 6 respectively.Lel z be an 

clement of R homogeneous of degree 6. Then if 2 € (I) +h)*, than 2 € Tf +h. 

Proof of the Main ‘Theorem 1. ~ 

\Ve can assume that section ring S is graded ring of prime characteristic. . 

X is F-rational follows S is F-rational on its punctured spectrum SpecS),. 

By Lemma 1 this means local cohomology module H ut ! has finite length. . 

So exists N such that tight closure of the zero lies in submodule, generated by 

elements of degree N and higher. 

So if v is homogeneous clement of H del of degree—n<min( N, —d — 1) then 

v is not tight closure of the zero. 

\We need to show that v has non-zero multiple of degree -d. 

Suppose this is not true. so S,—q kills v. 

Because L globally generated, 5 admits a system of parameters of degree one 

Lo. T1.° °° ytd: 

H de 1=Cokero:S 5/14 @ Srfe, °° E Safey F S. 

where LEZor 1+ * Ld 

S02 __ Sa) _ S~ (- 1)'sjat 

ot al ran ; ul 

It is well known fact that an clement [4] is in tight closure of the zero module 

He 
ne 

‘f and only if z is in tight closure of the ideal (rfvat,-++ a4) in 8. 

So we have an element of local-cohomology module of type [“F], 

n-d . 
where w € (ah.v}.10+ uh)" is equal to zero. 

Aw vrato ry ot Wy 

Thus we assume v=) S 

- 
As: t-1 

We have degw=n — d and wy= [“5—] = [AS] = 0. 

c toad Ly 
Hence 6 € (the Tet Pa) > 

But since s has degree 1 then by Lemma 3 s € (ahah at). 

Using that s is arbitrary element of degree 1 then we can choose s is not in 

4 



linear system 

spanned by 2g. which is possible if dimH®(.X.L) >d + 2. 

If L is verv ample then dimH °(X, L) >d +2 except case L=O(4.18). 

The cimbedding of X given by complete linear system L would be isomorphism 

. Xs pe Si ne a 



5. Conclusion 

The surfaces of the Fujita hypothesis were confirmed by Igor Reider. In my 

paper. T generalize the result for X of a non-smooth projective variety, but F-. 

rational. 

Tam using the methods of commutative algebra and dense closure definitions, 

if Fujita hypotheses are true for a smooth projective variety. then this is true for 

the more general case of F-rational ones. 

16 
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