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Abstract

The aim of myv rescarch is to study Fujita hivpotheses. which states that it X
i« a smooth projektive varvety of dimension n then:

(i) Assume that X.is.a minimal (i.c.. Ky is nef) varvety of general type.(i.e.,
Ry is big <= L'} > 0). Then the linear system [m Ay is free for m > n+ 2;

(i) Let A be an ample invertible sheaf on X. Then the linecar system |mi<x +
(n +1) Al is frec. and [mKy + (n+2) Al is very ample on .\,

For sirfaces Fujita hvpotheses was proved by Igor Reider.

In my work I generalize result for X not be a sinooth projektive varyety but
Forational. So if Fujita hypotheses is tre for a smooth projektive varyety then
it is true for more general case F-rational. [ use methods of commutative algebra

and delinition of tight closure.




Annarma

Menin seprreyiepivnin staxeats X Teric n - oqnmnexu NMPOEKTHBTI Keondeline
Oo.tran kesigeri WyIKITa THHOTe3achn 3epTTey. Onia:

(1) X sxasmsl TyPAIH MIHIMALIE  Kenbeiinec e ataiiebik. On1a |ml'\',\-|
CBISBIKTBI ZKyiiecl 1 2> n 4+ 2 yuiin 6oc.

(ii) A roasi opaapint i X-rarsl Oyna. Outa [mNy + (n 4 1) 4] ch3bikrb

ayliect doc. mone [mAy + (n + 2) A| N-ra ToIbIK AKeTKLTKT.
OyamnTanbi Keifoip aridaiitapeir Irop Paitaep 1os1e11e1.
AMen zyMbIehizIa X — Teric exec npoeKknsTi Kemiynie dipak F— pargiodatis

VIUIH HOTIIZKeH] KepceTeMi.
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AHHOTAIIS

[leab moero Hee1e10Banst - 13vaITh rnotesst OyvisNThl. B KOTOPLIN TOBO-
pHTC. GTO e X - IUIaAKoe HPOeKTHBHOe MHOroodpasiie Pa3MepHocTIh . To:

(). TIpeanotnozing aro X - alHiNMaIbHoe MHoroodpaszye obiero tina (T. c.
Ky 6omsuige <= K% > 0). Toria mmeitnas cueresa [mef{y] csodoxen /114
m>n+ 2

(i) Ilvers A - BrosHe odpatinbii nmyvox na X. lorja nmeiinas cieresa
ImAx + (n+ 1) A eoboien. it [miy + (1 + 2) A| nosmoctsio JocTaTouHo Ha
X. )

[Tosepxnocrteii rinoresst Oy xnra noxrseputt Hrops Peiitep.

B aoeit padore st 00001110 Pe3vibTaT (1181 X He IVIALKOTO NPOeKTHBHOTO MHO-
roodpasiisl. 10 -PALIOHATEHOr0. TaKi 0dpason, ecl rioTeshbl PyazKiITb Bep-
HBI LTsT IIAULKOTO TIPOEKTHBHOTO MHOroodpasiis. To 9TO BepHo 114 doslee 001ero
coIvyasl -PALHOHAIBHBIN. £l 1CH0/Ib3VIO MeTOIbl KOMMY TATIBHOH a1redpol 1 onpe-

JecTeHisl TTOTHOTO 3aibIKaHiigd.
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1. Introduction

A diploma thesis is dedicated to the hrauch of algebraic geometry, concerned
with properties of Divizors. The Divizor is one of mnain tool of algebraic geometry
in order to study properties of affine and projektive manifolds. Also I have studied
the basics of commutative algehra such ax Zarisky topology and alline scheme.
Starting from the theory of algehraic curves. the main problem of the branch of
algehraic geometry that studies maps X — P is to find conditions under which
the lincar system (D] defining this map does not have base points or is very ample.
Multiply canonical linear svstems [ y] for swrfaces of general tipe were studied
by Nodaira and Bombieri.

The aim of miv rescarch is to study Fujita hvpotheses. which states that if .\
is a smooth projektive varvery of dimension n then:

1) Assume that X ds 2 minimal (fe.. Ky is nef) varvety of general tvpe (e Ky
i big == K > 0). Then the linear system |mAiy| is free for m > n + 2;

fii) Let A be an ample invertible sheaf on X. Then the lincar system [inKy +
(n+1)A

ix free. and [y 4+ (0 + 2) 4] is very ample on .

For surfaces Fujita hypotheses was proved by Igor Reider in 1988,

For 3 dimensional algebraie manifolds Lazavsfeld and LZin in 1993 proved the
1-st part of the Fujita conjecture. i.e. that m>1 mean global generation.

In my work I generalize result for N not he a smooth projektive varyetyv but
F-rational. Also I generalize results of Reider and Iskovskili of for positive simple
characteristic. So Il Fujita hypotheses is true for a smooth projektive varvety
tlhien it is true for more general case F-rational.

[ use methods of commutative algebra and definition of tight closure. delined
Iy by Melvin Hochster and Craig Huneke (1988, 1990).
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2. Preliminaries

Alechraic variaty - arst of the main object for the study of algehraic ecometry, The
hasic definition of this variaty is the set of =olutions of these aloebhraic equations
in real or complex numbers, New definitions generalize it in various wavs. but trv
to preserve the geometrie intuition corresponding to this delinition [1].

Anv authors may have different definitions of this variaty: any authors 2] include
the property of irreducibility in the definition (this means that a variaty cannot he
a union of smaller varieties). while any [3] distinguish irreducible and "common"
varietics. In this paper we will adhere to the first agreement. and we will call the
solution =ets of systems of equations that are not irreducible, algehraic sets.

The concept of an algebraic variaty has any similaritios with the concept of a
smootl variaty. The diflerence is that algebraic varieties. unlike smootli varieties.
can have =ingular points. The neighborhood of a non-singular point of a real
alechraic variaty is Isomorplic to assmooth variaty.

Hilbert s theorem on zeros of algebra proved around 1800 established a connection
hetween geometry and algebra. showing that a given polynomial in one variable
(an ohject from an algebra) is uniquely determined by its complex roots, that. is.
on a complex plane by a finite set of points (aw objeet from geometries). The main
theorem of algebra, generalizing liis result. established the main correspondence
with algebraic varieties and ideals of the polynomial ring. Using the main theorem
of algebra related results and the theorem itself. mathematicians established a
correspondence between questions of the theory of rings and questions about
aleebraic varieties; the nse of such correspondences is usually a distinguishing
[cature ol algebraic geometry

Algebraic diversity. the main object of study in algebraic geometry, which was
itially defined as a set of points in n-dimensional space, whose coordinates

B 1, are soltions of the svstem of equations

=1



Each alechraic variary hax a certain dimension. whicli is thie nunber of indepen-
dent parameters defining o point on the variaty. Examples of algebraic curves are
CONIC SCCTIoNs,

Later. athine. projective. and eiven abstract algehraic varieties hegan to differ. For
cach alzebraic variaty. its lield of definition A is fixed. which is also called the field
of constants or the main field. An athne algebraic variaty is given by a svstem

ol algebraic equations of the form (4187 in an afline space A}

over a licld A with
coordinates rq.... .. v, Shuilarly, a projective algebraic manifold is eliminated
Iy a svstem of homogencous algebraic equations in the projective space [ with
Lhomogencous coordinates yo. yy. .. .. Y. Abstractly defined algebraie varicties are
slied together from athine. just as ordinary ditferential varieties are glued rogether
[rom Euclidean balls. Not every abstract algebraic variaty can be embedded into
projective space.

On cach algebraic variaty X the Zariski topology is introduced. in which all
submanifolds (including X itself and the empty set) are closed subsets. This
topology s not strongly separable’ for example, on an affine line A} over an
infinite field k. any two open non-empty subsets intersect.

The Zariski topology allows us to define on .Y a bundle of local rings Oy, called
structural (see Puchkov theory).  The layer Oy of the sheal O, at the point
7= (r1.....7,) € X consists of germs of regnlar functions in @, Bach germ
ix (ambignouslv) represented in any neighborhood of @ by a rational function of

the form

P (’.] [ -l.]))
‘ (2 (.IT|......‘I',))
where PP and Q are polynomials and Q(r) # 0. The ring of glo]ml sections A(X)

of 0y is called the coordinate ring on X — this is a ring of functions that are

reeular on the whole variaty X
For an aluchraic variaty. two types ol mappings are considered: regular (usually
called morphisms and rational. Regular mappings ave locally defined in coordi-

nates by polvnomials, and rational mappings are defined Dy rational Tunctions.
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Lo by relations of polvnomials. The larter mav not he everviwhere defined. If a
rational map has the opposite. it is called birational.

The dimension of the tirreducibler algebraic variaty X is defined topologically as
the maxinnun length of a chain of different nested non-emipry closed subsets in
N or algebraically as the maximum nmnber of algebraically independent rational
funetions on X. Borh definitions give the same munber.  Algelraic varian of
dimension 1T - algebraic curves. dimension 2 - algebraic surfaces. A Tivpersurface
in an » - dimensional affine or projective space is eiven by one equation and has
the dimension e — 1.

The main difference hetween a projective algehraic variaty and an affine algebraic
variaty ix its completeness. swhicl is an algebraic analogue of the topological con-
cept ol compactness. Every projective variaty over a field of complex numbers
C" ix compact. and an affine variaty of dimension greater than 0 is not compact.
There are complete algebraic varieties that are not isomorphic to projective. On
complete algebraic varietios everywhere. only constants are regular functions,
The most important for an algebraic variaty is the concept of non-singulariry
=moothness;. Tt is Tocal and is defined for cach point. The point .+ € X in the
definition of system (4.18) is called nonsingular (smooth) if the rank of the matrix
(F,/.r;) is maxinnun at this point. This condition corresponds to the condition fof
thie existence of an implicit function in the analvsis. An algebraic variaty is called
non-singular (smoothy if all its points are non-singular, otherwise it is special.
Generalizations of an algebraic variaty are schemes and algebraic spaces.
Students are supposed to be familiar with the definitions of the ring and

module over the ring.  All rings will he associative. commutative. with a unit.
Recall that the ideal [ in ring A is a submodule -1 as a wodule over itself, that
is. the subgroup A in addition. is stable with respect to mudtiplication by all
ring clements. The factor module A/7 then has the structure of a ving (i.e..
mlriplication by the rule (a + I) (b + I) = ab41 is correctly defined) and is called
a lactor ving 4 by the ideal 7. The ideal generated by the elements ay. ..., qy.
denoted by (aq. ... ap). Anideal that does not coincide with the whole ring is
called simple il gy € Timplies o € T or y € T, and maximal il it is not contained
in any other own ideal. The domain of the main ideals is the integral ring. where
Ay ideal is eencrated hyv one element.

Algebraie geometry seetion ol mathematies. studying geometric. ohjects associ-



ated with conpuurative rines: aleebraic varierios and their various generalizarions
aleehraic spaces. schemes. cete).dn the "naive” formmlation. the subject of . g
I« the studv of <ohition of algchbraic of equation.  Geonetric intuition appears
when all the "solution set” is identificd with the "set of points in a certain co-
ordinate space” . I the sitnation has a size ol two or three. the visibility of the
situation is hevond doubt: however, ceometrie language is used mder more gen-
oral cirenmstances. This langnage suggests problems. constructions and tvpes of
reazoning. which are hardlv natural from the point of view of pure algebra. In
turn. algebra delivers powerful apparatus and a Hexible, equally adapred to turn
plausible arguments into evidence and to formmlate them in the most natural and
ecneral form.

T alechraic gecometries over the field of complex munbers. every algebraic the vari-
aty ix at the same time complex-analytical. differentiable and ropological. space in
the usual Hausdorf topology. This circumstance allows vou to enter a number of
classic. structures delivering sucl invariants to algebraic varieties. which are only
with great diffienlty or not at all possible to obtain purely algebraic. means. The
concepts and results of Algehraic geometry are intensively used in number the-
orv ftrisononetric sum estimnates. Diophantine cquations). differential topology
‘difforentiable structures and singularitios). group theories (simple finite groups
relared to Lie eroups. algebraic groups). differential theory equations (K-theory
and the index of elliptic operators). The theory of complex spaces, category theory
(then-poses. abelian categories). functional analysis (representation theory). In

turn, algebraic geometry uses the ideas and methods of these disciplines.
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3. Basics of algebraic geome-

try

3.1 Spectrum of a commutative ring

Eacli point @ = (ay.. ... @, ) of the coordinate space C" corresponds to an ideal
Iz = (vy —aj.....0, —a,) in the ring of polvnomials Cley. ..., .r,] consisting of

polynomials equal to zero in @, In general. to every point @ fa topological space
ol varieties) X corresponds to an ideal 7, in the ving of functions (uminterrupted.
smooth) on X, formed by all the functions that are junction to zero in r. These
ideals are maximum. Theretore. it is important to study the set of maximal ideals
ol a given ring — this allows one to reconstruct (in a certain sense) the original
st from a fnnction ring. But for various reasons. it is more fruitful to study a lot
ol simple ideals. S

Definition 1. The spectrum of a connnutative ring 2 is the set of its simple ideals
other than A. Designation: Spec(A)

The spectrum ol a ring in mathematics is the set of all simple ideals of a given
commutative ring. The spectrum is usually supplied with the Zariski topology
and a bundle of commutative rings. which makes it locally ringed by space. The

"eans "connnmtative ring

spectrun of the ring 12 (hereinafter, the word "ring'
with unit") is denoted by Spec(R).

Definition 2. A commutative ring is a ring in which the multiplication oper-
ation is commutative (usually. its associativity and the existence of a unit are
also implied). The properties of commutative rings are studied by commutative
aloebra.

[deals and [aclor rings - The internal structure of a commutative ring is deter-

mined hy the structure of its ideals. that is, non-cmpty subsets that are closed
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with respect 1o addiiion. as well as multiplicacion by an arbitrary element of the
ring. Given asubset "= { f;} . of a commmtative ving I, we can construct the
stallest ideal containing this subset. Namelv. this =pace of finite linear combina-
tions of the form

/.]./.l T ]'n_/.n'

An ideal generated Dy acsingle element is called prinme. A ving in which all ideals
arc principal is called a ring of principal ideals, two important examples of such
rings are Z and a ring of polvnomials over the field kle]. Any ring has at least two
ideals - a zero ideal and the ring itself. An ideal rhat is not contained in another
improper (not coinciding with the ring itzell) ideal is called maximal. Tt follows
from Zorn's lemia that there exists at least one maximal ideal in any ring.
The definition of an ideal is constructed i sucl a way that allows vou to "divide"
the ring into it. that is. there is a factor ving R/7: this is a set of adjacent classes
in / with operations

(a+0)+0+T)=(a+b)+Tand (a+{DH+T)=ab+ 1T
These operations are correctly defined. for example, (a + 1) (b+ 1) = ab+ al +
Ih+1=] = ab+ 1. since al helongs to I. ete. Tt is clear from this why the definition
of an ideal such this,
Ring localization - 1s anoperation, in a certain sense. opposite to taking a factor: in
a lactor ring. elements of a certain sybset turn into zero. whereas in a localization.
elenients of a certain set become reversible, Namely. if S is a subset of 1 that is
closed with respect to multiplication. then localization by S. denoted as S7'R.
consists of formal svmbols of the form

towhere re Rose S
with the rle of reducing the numerator and denominator. similar to the usual
rle (but not coinciding with it). The operations of addition and multiplication
on such “fractions™ are defined in the usual wav.
In this language. @ is the localization of Z over the set of nonzero integers, The
same operation can be performed with any integral ring at the site Z: localization
(R{O})_IR is called the field of quotients of ring R. If S consists of all degrees of
a fixed clement f. the localization is denoted as Ry.
A particnlarly important tvpe of ideals are simple ideals. often denoted by the
letter po By definition. a simple ideal is an improper ideal, such that if it contains

the product of two clements. then at least one ol these elements is contained in

[2



it. Equivalenr definition - the factor ring /2 p is holistic. Another equivalent
definition 1= that the complement Ryp s closed with respect to mualtiplication.
Localization of (R /))’IR is important enough to have its own designation: R,
This ring has only one maximal ideal: pR,.. Sucli rings are called local,

Simple ideals are a kev element of a geometric description of a ring. using the
spectrin of Speells As asets Speel? consists of shmple ideals. I [20ds a feld.
there i= onlv one simple ideal (zero) in it so the spectrum ol the ficld is a point.
Another example - SpeeZ conraiuz one point tor the zero ideal and one for cach
prime number po The spectym is equipped witli the Zariski topology. in which
open sets are =cts of the form D(f) = {p € 5'1)(‘([?. [ € p}. where [ is an
arbitrary clement of the ring, This topology differs from rhe usnal examples of
topologies from the analyvsis: for example, the closure of a point corresponding to
a zero ideal 1x alwayvs the whole spectrun.

Spectrum definition is basic for comnmtative algebra and algebraic geometry. In
aleebraic geometry. the spectrum is supplied with a pencil O. The pair “space
and a pencil on it ix called an affine scheme. An atfine scheme can restore the
original ring by nging the global section functor. Moreover. this correspondence
i functorial: it associates with cach homomorphism of the rings f 1 R—=S5 a
continuous mapping in the opposite direction:

Spee§ — SpecR. ¢ — f7(q)
~ N
T, the categories of affine sehemes and conmutative rings are equivalent. Con-

sequently. many definitions applied to rings and their homomorphisms emerge
from geometric intuition. Affine schemes are local data for schemes (much like
the spaces R are local data of varieties). which are the main object of study of
aleehraic geometry. ’
As usual in alegebra, o homomorphism is a map between algebraic objects, pre-
serving their structure. Tn particular. the homomorphisi of (commutative) rings
with nnity is
amap [ RS0 such that

fla+b)=f(a)+ f(b). flab) = f(a) f(D) and f(1) =1
[n this sitnation. S is also an R -algebra: indeed. elements of S can he multiplied

Ly elenments of 12 by the rule

ses: = [(r)es
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The kernel and inrge of the homomorphizsm £ oare the sets ker (f) = {r €
R f(ry=0}and im(f) = f(R)y={ftr). r< R} The kernel is an ideal in
R. and the image is a subring of S,
The il dimension for <imply the dimension) is a wayv to measure the “size” of
a ring. Namelv. this is the maximum length nool a chain of simiple ideals of the -
form

pCo o

For example. a field has dimension 0. hecause it has only one ideal. zero. The
dimension of integers is one: o single chain of simple ideals has the form

0 =py C psz=p

Where p = prime number. A local ring with a maximal ideal 1 is called regular
if its dimension is equal to the dimension m1/m= as a veetor space over B/m.
The Zariski topology on the affine space A” over the field A is the topology
structure. whose closed subscts are exactly the algebraic sets of the given space.
Algebraic sets ave sets of the forn.

1 (S)={ret"VfeS: [(r)=0}

where S is an arbitrary set of polvnomials of n variables over a field K. The
following identities are casily verified:

V(@)=A". V(1)=10

N
1 (S) = 17((5))

ideal in a ring of polvnomials generated by elements of S. And for any two ideal
[ and .J.

V(Huv () =v(Tg)

V)NV () =V +))

Since the ring of polynomials over the field is Noetherian. the intersection of an
infinite family of sets of the form V' (7T) will he equal to the intersection of its finite
subfamily and have the form V' (7). Since finite unions and arbitrary intersections
ol algebraic sets. and also A" and the empty set are a]gebréi(i. algebraic sets are
indeed closed sets of some topology (equivalently. additions to them, denoted by
D(S). are open scts topology .

1M s an afline algebraic subset of the afline space A", then the Zariski topology
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on it Is the induced ropoloay.

The elements of the projective space ' are the equivalence classes of the clements
A" with respect 1o proportionality with respect to acscalar multiplication from
L. Therefore. the elemenrs of the polvnomial rine are & [wo. . ... ¢} are not func-
tions on B, since one point has many equivalent representations that correspond
ro different values of the polynomial, However. for homogencous polvnomials. the
condition of equality 1o zero at this point is correctly defined. since multiplication
by a scalar "passes throngh" the application of the polvnomial. Therefore. it S s
a sot of homogencous polviomials. the definition

V(S ={e P () =0. ¥f €5}

Similarly. it is verified that this family of sets ix a family of closed sers of a certain
topology: vou only need to replace the word “ideal” with “homogeneous ideal”. A
topology on an arbitrary projective submanifold is defined as an indueed topology.
A uscful feature of the Zariski ropology is the existence of a fairly simple base of
this topology. Namely. the base of the topology is open =ets ol the form D(f).
which are an addition to the sct of zeros of the polvnomial f (respectively. for
projective varicties - the homogencous polynomial f).
Anv alline or projective variety is compact: also a compact is any open subset of
a variety. Moreover. any algebraic variety is a Noctherian topological space,
On the other hand. an algebraic variety is not a Hausdorfl space (if I is not a
finite field). Since anv point of an a.l\g(—‘l,)raic variety is closed.
The modern definition is based on the concept of the spectrum of a ring. Let
some commmtative ring A with unity he given. The spectrun of the ring Specd
ix the set of its all simple ideals, and these ideals themselves are points of the
spectrum. The Zariski topology is introduced as follows - the sets of all simple
ideals containine sowe set £ or. equivalently. the ideal [ generated by this set,
are considered 1o he closed spectrum sets.

V(1) = { € Spee(A)|I C I}
It is casy to check all the axioms. For example. the fact that the union of two
osed sets s closed Tollows from a chain of obvious inclusions:
Vianh) CVab) C V(@) UV(h) €V (anb), is here V (a) UV (b) = V(anhb)
With the previonshv introduced topology on affine space. the Zariskl topology on

the specthrm is associated as follows. We define the map A" — Specek ey oo,

5



which aszociates with the point p the maximal ideal m o consisting of polynomi-
als. cqual 1o zero at this point (it is maxial. since the quotient ring on it is
the field A7) Obvioushe different ideals correspond 1o different points. Morcover,

the Hilbert thicorem on zeros states that all maximal ideals of a polynowmial ring

have this forn. that i=c the map o —= e, is bijective. Moreover. this map is a
howeomorphism A ouro a subset Spech [y, ... ry, ). corresponding to maximal
ideals (the set of maximal ideals of the ving A with induced the Zariski topology
i called the maximal spectrun and is usually denoted by Speed). It ix enough
ro prove that this mappine induces a bijection herween closed subsets A and
closed subsets SpeeR oo, bat i ix alimost obvious: the maximal ideals
coutaining ideal (5) are exactly the connnon zeros of all polynomials from S.
Thns. Grothendieck's mnovation was to consider not only the maximal ideals of
thie ring. but also all the simple ideals. In the case of a polynomial ring over an
algchraically closed ficld. this means that a certain number of “common points”
ix added to the space A" (one point for each irreducible afline subvariety). In the
seneral case (that is. when considering all possible commurative rings). this en-
dows Spec with functorial properties: to cach homomorphism of the rines 4 — B
there corresponds a continwons mapping Spec3 — Specsl. For a simple spec-
trun. the construction of this homomorphism is trivial - the pre-image of a simple
ideal is taken. for a maximal it does not work this way. since the pre-image of a
maximal ideal 12 not necessarilv maximal.

The first way to introduce the Zariski topology on the spectrum of a ring is to
indicate the base of the topology. The bases are the spectral subsets of the form
Dy ={pe SpccR: [ & p}. where [ is an arbitrary clement of the ring R. The
following statements are casily verified: '

Dy = SpceR
D.f n Dy = D.I'y

From these formulas it follows that the family of all subsets of the form Dy is a
spectrinm covering that is closed with respeet to intersections, that is, is the basis
ol some topology.

The spectrun of a ring, as a rule. is not a Hansdorft space. On the other hand,
the spectriun of anv ring satisfies the separation axiom Ty and is compact.

Fo prove the compactness. it suffices 1o check that from the coverage of the
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eloments of the bhase one can choose the final subcovering.  If rhe set svstem
D;: f = Aisa spectrin coverage. this nieans that the ideal of the ring R

sencerated by the =t A contains one. That is. equality s trues

I = hyuy = -+ koa, inowhich a; are elewents of the <et _1 and k&, are some
clements of the ring R, But then {Dy Dy, Dy }is the desived finite subcov-

cring of the spectrume. The compactness of the sets Dy is proved similarly. (It
should e noted that in the absence of Hausdor{lity. a compact subset does not
Lave to he closee!)
To prove the cquicalence of definitions through the busc of topology and through
closed sots. it cullices to chieck the formmlas:

Vi) =Us-, Dy

Dy =V((f))

Where 17 denotes the complement of the set 10 and (f) is the ideal generated
by the element f.

The structural beam on the spectru is defined ax follows: to each open set Dy
from 1he base. the localization of the ring R is mapped by the multiplicative
svstews {1, f. f2 7o .0} The elements of this localization are formal fractions
of the form p/q. such that ¢ is a power of f. Accordingly. the open set WDy is
matched by localization on a nultiplicative svstem generated by fi.

The =anie open =t call be represauted as U; Dy in many wavs. bhut it can he
<hown that the localization of the ring does not depend on the choice of such a
representation and also verify that all other properties of the beam are satisfied.
Tn the case when R is an integral ring with a ficld of quotients K. the structural
Leaw can be described more specifically. An element f /g € I is called regular at
A point p € SpecRl it can he represented as a fraction [/g whose denominator
does not belone mathfrak p. Accordinaly. the open set U is associated with a set
of clements K. which are regular at cach point of U7: one can verify that this set
is closed with respect to addition and multiplication. that is, it forms a ring. The
constructzon of restriction mappings in this case is also more obvious: if U C U,
then the element of the field of quotients regular at each i)()ixul {7 is regular at
cach point {7,

The Javer of the vesultine brundle O at the point p coincides with the localization

R, of the ving R by the simple ideal pothis ving is local. Therefore. the spectrum




of the ring s indeed o locally ringed space.

Eacli homowmorphisny of the rings 20 A — B corresponds to a continuous mapping
of the spectra vt the opposite divection) =7 0 SpeeB3 = Speed. Indeed. the
preimage the prime ideal p € B nuder the action of = is a prime ideal. I order
to prove the continity of this mapping. it suflives to prove that the preimage of
a closed ser is closed. This follows from equality

(=7) U () = V(). where @ is an arbitrary ideal of A

[t follows from this rhat Spee ix a contravariant functor from the category of
commutarive rines to the category of topological spaces. Moreover. the = map
[or cach p € B induces a homomorphism of local rines

O/ I(]” —4\‘ O/'

Consequentlv. Spec defines a contravariant functor in the category of locally
ringed spaces. The image of this functor is exactly affine schemes. therefore the
category of comuutative rings (contravariantly) is equivalent to the category of
affine schemes.

In algebraic geomerry. algebraic varieties are studied. that is. subsets of the space
L7 iwhere v is analgebraically closed field) defined as common zeros of a certain
set of polvnomials in n variables. If 4 ix such an algebraic variety. consider the
connmutative ring of polvuomial functions 1 — K. Then the maximal ideals
of the ring R correspond to the points of the varietv 4. and the simple ideals
all the irreducible subvarieties | (\the variery Is called nrreducible if it cannot
he represented as a union ol two smaller varieties ). Moreover. the closure of a
subvariety consists of all its points and subvarieties. Morcover. the bundle defined
above on the spectrum actually coincides with the bundle of rational functions ow

an algebraic variety A.

3.2 Sheaves

A sheave is a structure used to establish relationships hetween local and global
data. Bundles play a significant role in topology. differential geometry and alge-
braic geometrv. hut they are also used in number theory. analysis and category
theory.

Ronelily speaking. the sheaf I o the topological space X s given by two types
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of data with two additional properties.

The first part of the data is cuclosed ina wappine that associates with cach open
subset U of a space X a cortain tabstract) set F(L7). TG s possible to require.
in addition. that a certain strucerure be given on this set. but for now we restrict
oursehves to the fact that 1t s just a set.

The =ccond part of the data consists in the fact thar for cach pair of open sets
Voo U acertain py¢ o F(U7) — F{(17) map is fixed. which is called the restriction.
(It acts like a narrowing operation on the area Voof functions defined on U.)
The first step in definine o heam concept is to define the concept of a pre-sheaf.
which covers the data spaces associated with cach open subset of the topological
space. and the operation to restrict this data from larger subsets to smaller ones.
At the second step. additional restrictions are imposed - the requirenents of the
satisfiability of the axiomns of normalization and gluing. The pre-sheaf satistving
these requircments is the bundle.

Let X be a topological space. and C a category. Over the space X. a pre-sheaf

[ i= given with values in the categors C'if:

1. Each open subset {7 in X is associated with F(LU) - an object of category

C.

Fach inclusion V. U of open sets s associated with a morphism of objects

of catecory C: gy s F(U) = (V)

These morphisms are called restriction morphisms. The combination of these

morphisms must satisfy the following conditions:

1. Tor any open sel. Uppg is the identity movphism of the object F(U7).
2. For eacli double inclusion WCVCT the equality is true
3.

PIVE O = Pt

The last condition means that it <hould be indifferent. we restrict the data from
the area 17 to the area TT divectly, or in two stages - with a preliminary restriction

to V7 and from it already to 1

19




A very compacr definition of a preponch is obrained in rerms of caregory theory.
First. the category O(X) of open sets of X s defined. whose objects are open
subsets of X and the et of morphisms of the obieet 17 of this category 1o the
object T71E 1 ix a subset of U7 consists of a single morphism - the display of the
inclusion V- in O and empty otherwise. Then a pre-sheal over the space X withe
values i the category C s any coutravariant funcror £ from the category O(\)
to the category € Such o definition pre-leaves adniits a further eeneralization
when considering functors in ¢ not necessarily from a category of the rvpe O(.X)
If the pre-sheat X with values in the category I is specified over the space (7,
and L7 is an open subset of X the ohject F(U) is called the pre-sheafl space F ol
L over the set UL It Cis & specifie category, then cachi element of the set F(U) is
called of a sheal Fover 170 Dy analogy with sections ol stratified spaces and the
ctale space of a sheaf. Section over X is called aglobal seetion. The constraint
e (s) of the section s is nsually denoted as sy F(I7) is also often denoted as
(L. F). especiallv in the context of the cohomology theory of sheaves. in which
the domain U is fixed and the pencil I is variable.

A hundle is a pre-sheal in which 2 axioms are fulfilled:

1. F(0) is a terminal object of category C. Of cowrse. lor the axiom to make
sense. 1t s necessary for category € to have a terminal object. In prac-
tice. this is usually the case. However. the more important axiom is the
eluing axiom. Recall that in the examples disassembled above, this axiom
required that the data set (heam sections). agreed at the intersections of
their domains. always allow (moreover) uniquely their eluing - the section
over the union of open sets, over which this section is defined as partially.,
Forsimplicity. we formulate the gluing axiom in the case when C'is a specific

category. For the general case. see the "gluine axiom™ article.

Let Uy he the set of open sets of the space X, and 7 be their union. Suppose
cach of them is given a section s; € I7(07) of a bundle I7. A set of these sections
ix called consistent (compatible) if for all i and j

U0 (%) = P, ("‘./)

Lo every set of matched seetions s; defines a unique seetion s € F(U), such

that s, = py s for each /.
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The section s is called the gluing of the sections s;. since it is. as it were. glued
together from smaller sections. In the examples given above. somé functions
corresponded to the beam sections. In such cases. the gluing axiom starts [rom
the functions fi. which coincide at the intersections U; N Uj, and asserts the
-existence of a single function [ that simultancously-extends all the functions f;
to the set {. - just . which was shown in those examples to prove that a bundle
was actually presented in them.

Often the gluing axiom is divided into two parts _ the axiom of existence and the
axiom of uniqueness. Pre-shells that satisfy only the uniqueness axiom are called

separable pre-shells.




4. Fujita problem

4.1 Reidesr’'s theorem and Divizors

1. Divizor [unction. A polynomial in one variable iz uniquely determined 1o
within a constant multiplier if one specifies its roots and their multiplicity, 1o, a
set of points ..., re € AU with multiplicitios [y, ... . [,.. The rational function
olr) = % f. g € M\ ixdictated by the zeros of the polvnomials f and g that
is. that 1» by the focuses at which it transforins into 0 or isn't standard. We also
take with the minus <ign of their multiplicities. To recognize the trenches of ¢ from
those of f we take their multiplicities with the sign minus. Thus, the function
i given Dy anyvpoint ... v, with arbitrary any integer multiplicities 4., .. 1,
Presently we =et ourselves the objective to also et a levelheaded capacity on a
subjective logarithimic varvety.

We will proceed from the lact (hat. according {o the intersection dimensionality
theorem. the set of points at which a regular function furns

to zero. it formas submanifolds of codimension 1. Thevefore. the object that we
will associate with funetions is a set of hreducible subuanifolds of codimension 1
with the multiplicities assigned to then. We will give multiplicities integers both
positive and negative.

Denition. A collection of irreducible closed submanifolds ¢7, . ... (' of codimen-
sion 1Tin an irreducible varyety X with preassigned integral multiplicities I .o,
ix ealled s Divizor

A divigior 1 is written in the forma

D=0+ +1,0, (1.1)

Hilall the /, - 0. then we write D> 0 and all the I; = 0, then we write DD = ()

and we sav that D is effective. reducible submanifolds C5 of codimension 1 taken



with rhe coefficionr ave called siample Divizors. If in (4.18) all the 7; = 0. then
the varvety Cpo- -2 Cuds called the support of D and is denoted by-SappD. 1f
in (418 the simple Divizors C, are different we denote I, by ee (D).
Now we define an operation of addition of Divizors. We abserve that if we allow
the coefcients in (415 to take the value 0. any two Divizors can he written in
the forma

D' =1Cp+- 1. D" =1"0 w2,

with the same Cy.. ... C',. Then. by definition.
D'+ D" = (I} =1")Cr+ -+ (I +1")C,

Thus, divisors on .\ foria a eroup isomorphic to a free module over Z. whose

generators arve irreducible submanifolds of codimension 1 in Xo This group is

denoted by DoV L)

We now turn to the comparison of the function [ € F[X]. [ # 0ol the divisor. Let
I

0. an integer ve-( f).

‘H\

C' hea simpl Divizor: We first compare each f € b(X).
If V' = A! then this will he an analogue of order zero (or polei of the function f
at a point. This can he done only with one restriction on the varvety X Namely.
we assunte that X is smooth i codimension 1. that is. that the set of singular
points of X has codimension > 2. Tet € C .\ be an irreducible subvarvety of
codiension 1 and {7 some afhine open set consisting of siimple points. intersecting
with " and is such that 7 is deterspined in U7 by a local equation. Such a set U7
exists exists hecanse of the constraint imposed on X. Thus. a¢ = (7) in AU
We prove that for any function f € k[X]. f # 0. there is such a nunber [ > 0,
such that [ € (77[) [ € () I this were not il [ € (,7') for all 1 > 0, then
I ¢ Nz’ therefore f = 0. ‘

The number 1 defined by ns is denoted by ec(f). Tt has the properties

ve (fifa) = ve (f) +ve(fo)
co (f1+ fa) Z minee (f1) cve (f2) (4.2)
for i+ f,#0
which easily follow from the definition and irreducibility of ¢ TE X is irreducible.,
then zmy fimetion f & k(LX) can be represented in the f = g/h. g. b€ F[U].
For f# 0wesct oo (f) = ec(g) = (). Trom (119 it immediately follows

that ¢o(f) does not depend on the representation of f in the forma f/g and that,

[
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1.19) i= rruc for all £ = AN and other zero, The definition of the munber ve( f)
siven by us <o far depended on the choice of the open set U7 and thercfore we
should write (( (F) instead of ec-(f). We will prove that in fact, z} 1) does not

depend on U

“Suppose first that T is an alline open set. 1V-CCoand 1A C # 00 Then 7 s a
ol

(f). Butif \”

am open sel satisiving the same conditions as {7 then U0 ;nul 177 are open

local equation of C also in 17 and it is obvious that, o&(f)

in C and non-empty. and <ince C' they have a non-emipty intersection. Taking
11" to an affine neiehborhiood in 7NV of any point € 17N 17N L we obtain
that. according to the previons remark 1~§f (f) == }‘ (f). ¢ (/5 = 1” (/). then
ce(f) = e~(f). Thus the correetness of the notation (‘(‘(f) is justied. Note
that il X = A" il C = 2 is a point with coordinate a. and [ € & [A } = IT].
then v, (f) coincides with the multiplicity of the root a of the polynomial f(T).
and the general de’nition essence copies this particular case.

If - (f) =1 > 0. then say that function f has a zero ol order [ on submanifolds
C. I e (f) = =1 < 0. then f has a pole order { on submanifolds . Obgerve that
these concepts are de’ned for submanifolds of codimension 1 and not for points.
For example. for the function o/y on A% the point (0.0) belongs to both the
subvarvety of zeros (= 0) and the subvarvety of poles (y = 0) of the [unction.
e now prove that a given function f € #(.X) corresponds to only a finite number
of irreducible subimanifolds of codimensio 1 such that ¢ ( f) 0. We first consider
the case when X is an al?ne varvety and [ € K[X]. Then it follows from the
detinition that if €' is not a component of the sul)\'zu‘_\'(‘ry V(f), then ve (f) = 0.
II X is affine, as belore. but [ € k(XN). then [ = ""/h. g. I € F[X]. and we saw
that v (f) = 0 if C'is not a component of V' (g) or 1(h). Finally. in general case.
let X = Ul was a ?nite covering of .\ by af?ne open sets. Then any €' intersects
at least one Uy, therefore ve- (f) # 0 only for those C which are closures of such
irreducible submanifolds ¢ ¢ Uy, such that v (f) # 0 in U;. Since the munbers
U, and of C' in any U, are finite and the number of C with ve- (/) # 0. S0 we can

consider the Divizor

> (e 43)

where the sun iz extended to all irveducible submanifolds of codimension 1

for which v (f) # 0. This is called the Divizor of the [ and is denot ed by ().
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A Divizor view D = (f). [ € MX). is called wain. I (f) = > 4LC then to the
Divizors (fo =2, olCiand (fiL = - h) GO ave called Dicizors of the
soroc and of the poles of £ Obvioushy. (f)y > 0 (. _]')_\ >0.(fy=(Ha— (.
We draw attenrion to some siiple properties:

([ )=+ (=0t fel (f) =201l [ < I

Let ns prove that for a smooth irreducible varvery X the opposite is also rmer if
([) > 0. then the function [ is a regular on the varvety X Let @ € X a point
at which f is non-regular. Then f = g/h. h. g € O, while f € O,. From the
uniqueness of the decomposition into simple factors in O, it follows that /i and
g can he chosen mutually simple in O, Let 7 is a simple element of the ring’
O which is included in 7 hut wot in g, I some affine neighbourhood C of a point
+ the varvety V(7)) is itreducible and has codimension 1. We denote its closure
in X by C. Then obviously v (f) < 0. Thix resulr is also time if the varie X is
a normal varvety. but we will not prove it here.

Since on a projektive irreducible varvety X a function that is regular at all points
i« a constant. then it follows from the just-proved resulr that it f > 0. then
[ = a € k on a smooth projjective varvetv X In particular. on'a smooth
projektive irreducible varvety a rational function is uniquely determined by its
Divizor 1o a constant factor: if (f) = (g). then (fy~ ‘) =0and [ =ag.a €k
The main Divizors foria a subgroup (X)) of the group Div(X) of all Divizors.
The factor oroup Die(X)/P(X) clled the Dicizor cluss group and is denoted
Iy CT(X). Divisors helonging to the same ¢ Tass adjacencies in Die((X)/P(X) are
called equicalent: Dy ~ Daif Dy — Dy = (f). fek(N). The adjacency (‘lnss
in Dir(X)/P(X) are called Divizor classcs. In the v.\'am])l("s above we have:

l. (Y] (Ah) — (v[ (P,-/) Z)) (v/ (LD”I < ?,”) _ m[
2. Locally Main Divizors. Suppose the varvety X is mooth. i this case.

for anyv simple Divizor C' c X and any point o+ € X there i an open set U

with = € {7 in which (s eiven by the local equation . If D ix any Divizor.

D = - II Tllllﬁ. aly I)()illl' ba has a n(,igh])mu'h()()d 111 '\\'lli(‘ll Dis main.

From ”” '*‘“']' neialibourhoods we can choose a finite covering X' = ul’;. and in
amy U, we have D == (f).

Obviously, the function focannot be chosen arbitrarily: fi are not identically zero.




and in U5 700 the Divizors () aud (fi) colncide. As we saw above. it follows
that the funcetion /f,- s reeular in 75 M [, and does not vanish there, If the
svstemn of Tunctions { £} corresponding to the sets of the covering {C} =atisfies
the conditions f,;f"/"l 1= regular and does not vanisl in 05 0 L. then swe will call
consistent.

On the contrary, anv coordinated system of functions defines a divisor on A
Indeed. for any simple divisor € we set leo = o ([) i T, 0 C # (0. where |,
ane Chare treared as a funerion and a simple divisor in the varvery U From the
consisrency of the svsrem of functions it follows that this number does not depend
on the choice of T Obviously there is only finite nmmber of such ¢ <uely that
le = 0. are the closures of irreducible divisor component fio Therefore we can
consider the Divizor D =" 1~C. Ohviously . it corresponds to a given svstem of
functions {f;}.

Finallv. it is easy to find ont when the system of functions {f;)} and {g;} the
corresponding to cover {U;} defines the same divisor as the svstem {Vi} respec-
tivelv. give one and the same Divizor. For this it is necessarv and suf?cient that
in U145 the functions er D were anvwhere regular and do not vanish. A simple
check is provided to the reader.

The assignment of divisors by svstems of functions allows one {o study their
hehavior with regular mappings. Let o @ X — V7 regular mapping of smooth
irreducible manifolds and D be a Bivizor on Y. Suppose that c(X)SuppD. We
prove that with this restriction one can define the pre-image »* (D) of the divisor
D i the same way as the pre-image of a regular function is defined. First of all
find out when it is possible to construct the pre-image of a vational function f
on ¥ can be constrneted. and and when it is not identically zero to X For this
it 15 cnough that there is at least one point y € 2(.\) in which f is regular and
f(y) # 0. Then such points forma not an empty open =et 1. Now £ is regular on
V. aud theretore =°(f) regular function on =~1(17) that does not vanish identically
(in fact. nowhere). Since ¢ 1(17) is open in X, we see that S () determines a
rational funetion in X In rerins of Divizors onr condition on the mapping  and
the function [ s reduced to the fact that o(X)Supp(f).

Now suppose that the divisor D ix defined Ty a consistent svstem of the function
{ i} aud a coating {775}, We consider those U, for whicl ¢ (X)NT; not empty and

-

we prove that () NS upp(f;). For it follows from the irreducibilitv of X that
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2(\) is irveducible i YO I A(X) QG C Suppcf). then from the irreducibiliny
of (X)) and the fact that (X)) 0 not cmpry. it follows that oY) C Supp(fi).
Finallv. from the fact that Supp(f) 0 U = SuppD N 5L of the irveducibility

of (X)) and the fact that it intersects with £ it follows that o(X) C SuppD.

contrary to what wes stiggested.

Therefore. for all U which intersect with 2() the rational functions =7 ( f;) are
dened in 2 UTG). The sets o Y1) = 15 for which (V) interseets with {7 are
open and forma a covering of X and the funerions 27(f;) forma a coordinared
svsrent. of functions thar defines some divisor on X Obviously this Divizor will
not change if 1D another svstem of functions. The results Divizor is called the
prototype Divizor D and is denoted by 27(D).

In particular. if 2(X) is dense in Y. then the pre-image of some Divizor D €
Div(Y") is defined.

If D and D' are two Divizors on ¥~ given on svsteis of functions of {fi} and {¢;}.
corresponding to coverings {€;} and {15}, then the Divizor D 4+ D' ix given by
the svstem of functions { fig;} and the covering {U N 15} From this it follows
At once that o7 (D + D') = 27 (D) + 2 (D" 2o that il p(.X) ix dense in Y. then
-* Jefines a homomorphisi

~
7

S DieY = DieX

The main Divizor () is given by e syvstem of [unctions

fo= f.and therefore = () = (7 (M), Therefore o waps P(Y) to P(X)
and defines the homorphism ¢ CI(Y) = CHX).

As an application of the assignment of divisors by acreed svstems functions we
prove how it is possible to compare a divisor. not o function, but a forma from
coordinates on a smooth projektive varvety. et X' C PY and F be a forma in
the coordinates in PV that is not vanish identically on X. For any point »r € X
consider a forma G of the same degree as F.othat Goe) # 0. Such formas exist:
for exanple. if @ = (g @ - 1 ay and a; # 0. we can take G = 7";1"'7[". Then
f = /G s arational fnction on X and regnlar in an open set. in which ¢ 5 0.
T is casv to see that there are such formas of G that open sets U = X — X¢
[orma a covering of the varvetv X, Just as casv helieve that the functions of
[ = F/G; and the open subsets U, forma a consistent system of functions and,
therefore. define a divisor on X, Another choice of formas G; will not change

this divisor. which therelore depends depends only the forma . Tt is called the




Divizor ot £ and i~ denoted by (F7). Since the f;oare reeular in the sets UL we
have 7 > 0. It I 1= another forma. degl) = dogF . then (F) — () is the Divizor
of the rational hinction £/ Fy. Thevelore (£7) ~ (F)) il degl) = degF .

In parricular. all Divizors (L). where L is a lincar formaa. arve equivalent to cacly
other. Evidently Swupp (L) = Xy, the section of X by the hvperplane L = Q.
Therefore they are called hyperplane dicizors scction.

Taking higher for Fy the forma L4997 o vet that (F) ~ degF(L). where (L)
hyperplance section divisor.

All arguiments related to rhe definition of a divisor by a consistent system of func-
tions can be generalized to arbitrary. not necessarilv smooth manifolds. However.
the possibility of sefting a consistent systemn of functions muse he taken for the
definition of a divisor. The object to which we thus arrive is called a locally main
Divizor.

More precisely, the locally main divisor on irreducible manifolds is a svstem of
rational functions { fi} corresponding to open sets of the cover {U5} and satisfving
the conditions:

1) the f; are not cqual identically 0 and

2) f,f,—J and fjf,-_l are regular on U5 N L.

\orcover. the functions {f;} and {g;} and coverings {U;} and {17}, respectively.
determine the same Divizor if fig, Dand f,f"g_, are regular in U; NV

Some function [ € k(YY) detines W locally main divisor if put f; = f. Such
Divizors are called main.

The product of locally main divisors defined by functions {fi} and {g;} by cov-
erings {7} and {17}, is called a divisor. given by the functions {/ig,} and the
cover ;N Vo All locally main Divizors forma a ere np. and the main Divizors a
subgroup of it. The factor group is called the Picard group of the varvety X and
i< denoted by Pie(X).

Any locally main Divizor has a carrier - it is the closed subvaryvety consisting in
the set in U5 of points at which f; is not regular or 1o zero. Just as for Divizors
on smooti wanifolds. one can de?ne the preimage of a locatly main Divizor D on
Y under the regular mapping o« + X' = Y7 il (X)) is notcontained in SuppD.
We note one important special case. If .\ is a smooth varyety and Y is not nee-
cssatily siooth manifold. and then any such Divizor D on X for which SuppDY

determines a locallv main Divizor 1D on Y. To see this we have to consider the




embedding £ @} — X and to set D = 2 D). We will call D rthe restriction
of D to Y and denote it by, (D). From the de?nition it follows that for main
Divizors o ((f)) = (/). wheve [ the restriction of the [unction f on Y.

The difference between divisors and locally main divisors manifests itself only in

the case of nonsmooth manifolds. -~ -

3. How to Shift the Support of a Divizor Away from Points
Theorem 1. For any Divizor D on a smooth varvery X and finitely many points
Lleoonon tym € X there exists a Divizor D' such that D' ~ D. x; € SuppD’

We can assie that D is a simple Divizor, otherwise it would be sufficient apply

the theorem 1o each of its components. Choose an afline open set in X containing

points ... ... .1, 1t suffices to prove the theorem for this set. so we can asswune
that X is an afﬁne varvety. Al')pl\'mo‘ induction on the number m. we can assuine
that xy...... vy & SuppD. 24 € SuppD. Tt remains to construct such a divisor
D' that D' ~ D, &y...... vio1 & SuppD'. Consider some local oqu-atlon cquation

7' simple Divizor D in a neighbourhood of ;7. We prove that 7' one can chosen
so that 7' € k[X] (by assumption. X is affine). Really, 7’ regular at the point
.1 and therefore. if () =3k Fj. then a4, ¢ Fi. Therelore for each { there
i< a fanction fi € k[X] equal to zero on F; and that filriz1) # 0. Function it
T=a]] fl" is regular on .\ and 3 a local equation of D in a neighbourhood
of ;4. Since the condition .r; ¢ SuppDUx U---Uwjop U U--- Uy
(j=1..... i). for any j = 1,...,i there exists a function g; € k[X] that gj[p = 0,
4 (;1'1) =O (I=1....7=1.j+1.... i). g;j{x;)#0.

\We congider the function _

f=m+) ajgia;€k.
J=1

and choose the constants aj so that

fla) #00=1.....9) (4

Tt's enough to take a; 71 —/T(.'Ij'»)/(jj(.l%) * Such that all gjp = 0. in the local vings
O, we lave g; = (J yand Y o;g3 =a?h. h€ O, f=m(1+ wh).
Since (L +7h) (x;1) = ].. it follows that f is a local equation of D in a neighbour-

liood of w,4r. Therelore ([) = D+ % <Dy, and no one of the simple Divizors of




D, passes throngli a7, 1. This means that if we put D="= then 2, € SuppD’.
Next. (LIS proves that oy € Supp(f) (j = 1..... i). therefore the Divizor D'
satis?es the conditions of the theoren.
Here is a first application of Theorem 1 we have de?ned the inverse image f7(D)
cof-a Divizor D of a varvety X" under a regular mapping [ : ¥ — X. provided
that f(Y)SuppD.
Theorem 1 allows us to replace the divisor D with an equivalent Divizor D'
such that 2 € SuppD’. where o is an arbitrarily chozen point of f(}7). Then
automatically f(Y7)SuppD’ and the preimage f7(D’) is de’ned. This proves that
we can. without any restrictions on the regular mapping [ determine the preimage
of the class of Divizor ¢ € CI(.X), To do this, choose in C' such a Divizor D that
J(Y)SuppD and consider a class on ¥ containing the Divizor f*(D). It is easy
to verifv that in this way we get a homomorphism

P ClX) = CUY)
In other words, CI(.X) is a [unctor from the category of irreducible smooth alge-
braic manifolds to the category of Abelian groups.
4. Divizors and Rational Mappings. Comparison of the functions of divisors
i< useMl for the study of rational mappings of manifolds into projektive space. Let
1" he a smooth manifold and » @ X — P" it’s rational mapping. Find out at
which points the maps 2 is not regylar.

Rational mapping is given by the formaulas

c="(fo:: fu). fi € R(X) - (1.5)

and we can asswne that none of the functions f; is identically zero on X Let
i

) =S ki€
g1

where the Cj- ave simple Divizors. At the same time. we assume that some k;; is

Zero.
To find out if ¢ is regular at a point .- € X we define Cy-by the local equation

m; at 2. Then
(fi) = H 7 ) v € Opui(w) # 0.
J

Due to the uniqueness of the decomposition into simple factors in O, there is
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a comnon greatest divisor of d elements fo.. ... f,. that is. an clement d.€ & (LX)
such that fid ' € O, and if d; € I(X) is such f;(lfl € O,then d{|d. that is
dd;' € O,.

Since the local oquations of irreducible manifolds are simple clements in O, then
2 min e
(] = '/T.", A'} = ‘l‘.l
! E i , J
‘ i =10 :

The mapping 2 is recular at the point . if there exists such a function g € k(X).
that fig™h € O, (i =0,.....1) and the (fig™") (£) are not all zero. In view of
the definition of the common greatest divisor. this implies that gld. Il d = g e .
he O, and h(x) = 0. then b} (fig™"). becanse all the (fiy™') (¢) = 0. Thus.
only a function g such that d = g e I, n{r) # 0. can satisfy the necessary

conditions. Then fig™! = (f,-g"l). that is.

fig ™t = Hr’,’ ) (wih) .
i
and map ¢ regularly if and only if not all functions I1; 71-;?"-'""'-" vanish at . To
cranslate this answer into the language of divisors. we call the common greatest
divisor of divisors D; = > k;C; (i = 1....n) Divizor
min

i=1,....n

Olviously. that Di=PegedDiDYz0 and the Divizors D¢ have not common
components. Suppose in particular. Jet us put

D =ged((fo).....(fn), D= P

Then in some neighbourhood of x
kij—Fk :

Mﬂj it = D

J
and we can say that the mapping £ is regular at @ then and only when not all
the S uppD§ manifolds pass through this point. So Shafareevich have proved the
following result. '
Theorem 2. The rational mapping (4.18) is non-regular precisely at the

points of the set




Since the Divizors D! do not have connuon irredneible components. the set ASuppD;.
i= of codimension > 2.

Remark. The Divizors D! can be interpreted as the inverse images of the hy-

perplanes & = 0 wder the mapping = @ X' — F. For if v € NSuppD;] and
in D = (/) « neighbourhood of @ then in the same neighbourhood a reeular

mapping s eiven by the foranlae:

c= o/l [N
The inverse image of the hvperplane ;= 0 has the local equation f;/h. hence
coincides with D-.

More generallv if A= (Ay -+ 2 A, and Ey C F is the hyperplane

S A = 0. then
£ =(S) D

5. The Space Associated with a Divizor. The [act that all polynomials
f(t) are degree < n forma a vector space of finite dimension. can he interpreted
as follows in terms of divisors. Denote by - an infinitelyv distant point on the
projektive line B! with coordinate (. The polynomial in { of degree I has a pole
of order I at o aud has no other poles. Therefore the condition degf < n can
e expressed in the lollowing: the Divizor (f) + na s eflective.

Similark, for an arbitrary Divizor D on a smooth varyety X we can consider a

<ot consisting of zero and those futions f e b (X ). [ 5 0. for which

(f)+D = 0. (1.6)

This sct is a linear space over the field k with respect to ordinary operations on
functions. ndeed. if D =3~ n,C. then (L18) 1s cquivalent 1o

ve (f) > —ng ve (f) 20 tor ("
i view of which our statement immediately follows from the formaulas.
The space of functions satisfying conditions (4,187 1s called the space associated
with the Divizor D and is denoted hy £(D).
The analogtie of the fact that polynomials of degree < n forma a finite-dimensional
space is that the space £(D) is finite-dimensional. if D is any divisor. and X is a
projektive varyety,
The dimension of the space £(D) is also called the dimension of the Divizor D

and is denoted hy 1(D).
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Theorem 3. Lquivalent Dicizors have cqual dimcnsions.

Let Dy ~ Dy this means Dy — Dy = (g). y € MX). It f € L(D;). then
f+ D, > 0. From this it follows that (fg) + Dy = f+ Dy > 0. that is.
fg € L(D»). gL (Dy) = L£(D>). Thus. multiplication of all functions f € £L(Dy)
the function ¢ is determined by an isomorphism-of the spaces £(D) and £(D).
and the theorem follows.

We sce that it is possible. therefore. to speak of the dimension I{(7) of the class
of Divizor C'. meaning by this the common dimension of all the divisors of this
clags. This number has the following meaning. If D € . f € £(D). then the
Divizor D = (f) + D is ellective. Obviously. Dy ~ D. therefore Dy € C. On’
the contrary, any cffective divisor D’ € C has the forma Dy, where f € £(D).
Obvioushy. if X is projektive. then the fanction [ is determined by the Divizor Dy
uniquely to a constant factor. Thus, we can establish a one-to-one (-o1'1'espol'1dencle
hetween effective divisors of class € and points of the (1(C) — 1)-dimensional
projektive space | P(L (D)) corresponding to divizor D. (recall that the projektive
space P(L) corresponding to vector space L consists of all direct spocos L).

The space £ (D) when defining rational mappings by Divizors. If

e=(fo: i fn): X = P" (-£.7)
i a rational mapping and, N
D=gcd((fo),...(u)Di=([); =D (-1.8)

then D; > 0. hence all the f; € L(—D).
The choice of the functions ¢ depends on the cliosen svstem of projektive coor-
dinates in P". Thercfore. in an invariant way. the map »(.X) there corresponds.
to the sot of all functions Soi_y Ajfi that are linear combinations of the f;. These
functions forma a linear subspace M < L(-D). Further we will asswme that
2(X) is not contained in any proper linear subspace in P?. Then S™Aifi #0on
X if doesn’t all the A; = 0. The set of effective divisors couospon(hng to such a
sot of functions. i.e.. the Divizors M (g)+D.geM.is called a linear system of
Divizors. 1f M = L(—D), then the linear Sys’rem is called complete. The sense
of Divizors (f) — D. f € AL, is very simple: these are types of the divisor of hy-

perplanes in P under the map ¢. Thus, we can construet all rational mappings
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of a given smocih varvery X into different projekeive spaces. For this we need to

take an arbitrary Divizor D. and in the space £(—=D) a linear 7nite-dimensional

subspace NI fo. oo Ju 15 0ts bazis. then f'm'mau]as (+.19) will give desired map-
ping. Notice that Divizors D; for thise f; € ) have an additional property:

they have no comnon coniponents.
Since the multiplication of all functions f; by the common factor ¢ € & (X)
does not change the mapping ¢. and a Divizor D is changed to the equivalent
Divizor (g) + D. the rational mapping invariantis the class of the Divizor D of
the rational mapping. Thus. we have the following a way to constructing all such
rational mappings = of a varvety X into the projektive space P that e(X) is
not contained in any proper subspace in F'**: choose an arbitrary class of Divizors
on XN. and for any Divizor D of this class in the space £(—D) there is a linear
“nite-dimensional subspace Al such that the effective Divizors (f) — D have no
conunon components.
If fo.....f, is a basis of AL, then owr mapping is given by formaula (4.19). Of
course. it may turn out that £(—D) = 0 or that all the Divizors (f) — D
[ € L£{—=D) have a common component, then this class of Divizor does not lead
to anv mapping.
e draw attention to one interesting property of the resulting picture. Among all
rational mappings corresponding to a given class (', there is one a maximal: that
whicl is obtained if taking for N tha whole space £(=D). D € (/. (Here rely on
the unproved theorem that the space L(- D) is “nite-dimensional.)
All other mappings corresponding to this class are obtained by constructing
the composing this mapping with various projection mappings. Indeed. il p =
(fo:-: fx) and say. v = (fo:- fu n < N, then v = 7 ,0.\\{11@1‘6 m(vg: -
(:1'() c ... 0 xy,) is a design that we now consider as a rational mapping.
Tot us sce how this scheme works il take the projektive space P™ for X. We know
that C'1(P") =~ Z and this class C’z, corresponding to an integer ! consists of the
Divizors of degree [. |
Obviously, if { > 0, D € Cr. rhon L(=D) = 0. If{ < 0. then we can take
for — — D the Divizor — — IE. where F is the Divizor of an infinitv distant
hyperplane 7o = 0. In this case L(—IE) consists of polynomials of degree < —]
in inhomogeneous ruuulmatns il/ Loy B /g, If multiply formaulas of the

m Clan
resulting for the mapping, by .1, we obtain the Veronese mapping vy : P — P

Ty )




— T — Y ® T "

Iz, we see thar any rational mapping of the space P is obrained by composing
the Veronese map and the design. '
6. Divizors on Curves
Al '. . .- - . M - M - - . : . - .
1. Cousider a projektive smooth curve. A Divizor on X is. therefore, a linecar

combination of points D =-3" k. hy € Z. a; € X. The degree of Divizor-D s

the number degD = 5" k.

Theorem 1. If f: X — Y is a regular mapping ol smooth projektive curves
and f(X)=1)".then degf = degf* (y) for amy point y € Y.

In Theorem 1 f*(y) is Divizor on .\ that is the inverse image of the Divizor on

Y consisting of the point y with the coef?cient 1. Then. deg/ is the number of

preiages of any point y € ¥ (taken with right multiplicities). This makes the

intuitive sense of the degree of mapping [ clear. It proves how many times X

covers Y when the map is f.

Corollary. The degree of a main Divizor on a smooth projektive curve X is equal

to zero.

Indecd.any non-constant function f € & (X} defines a regular 111af$ fiX — Pl

At the same time [or the point [*(0) = ([), for 0 € P! - this immediately follows

from the definition of both Divizors. Similarly f* () = (f)... Bv Theorem 1.
deg () = deg([)y — deg(f) = degf™ (0) — deg[” (o¢) = degf — degf =0

If X and ¥~ are two manifolds of the game dimension and if f is a regular mapping

f - X — Y such that f(X) is dense in Y, then it determines an embedding
: k(Y) = & (X) utilizing this we shall henceforth regard & (17) as a sub?eld of

k (J’ ) ( that is. for v C k(Y") we write u instead of 7 () when this cannot lead

to misunderstandings).

Theorem 1 follows from two results. To state them we introduce the following

notation. Let .y, ..., 2, is points on the curve . We set

i=l,..r
Thus, O cons’i%ts of the functions that are regular at all the points x, ... .. . If
{wr,.... = “Hy). y €Y, then the ring O, which we have agreed above to

1'(‘5_);&111 as a -,-ul ring of k(X), is contained in O.

Theorem 2. @ is a prin?cipal ideal ring with finitely many simple ideals.

There exist elements #; € O such that




ooty =d LS <o ey

v e O then
u =17t (4.11)

where [; = ¢, tudmud v is invertible in Q.
Theorem 5. 1L vy =0 M) then O s afree modnde over O,
and O =~ OF. where n =dcaf.
Lot us ret prove how Theorem 1 follows from Theorems 2 and 3. Let # be a local
parateter at g and {rpoo rb= ).

. . . ; 2 . )
According to Theorem 2.6 =0 - e where l; = ¢, (1), Recalling the de’nition
of the inverse inmage of a Divizor we see that

f (y) = Z [ and e ‘C’,f (y) = Z'[__:] ;.

Since the elements fy.o.o0. [,. are pairwise cosimple in Q. we have
(./)// (/:)

|
[t is casy to sce that any clewent we w € O has a unique representation

O (1) ~

!

Iz

in the lorma

N v ] 4
=g b agl e+ ar (nm(/ l) .a, I (4.12)

For if wo have already got the representation

‘ <1 s
=g+ apt A a1 (maod t7)

Then
;= /,7&(‘11‘ — Q) e ,.li:“l ) O CO,.
Wo sot ¢ () = aw Lhenw (m—=a.) = 0. and from Lheorem 2 it follows
that ¢ = a. (mod t;). that 1s.
o= gt (qf, R m\vl'f;"l + ”J‘? (IH()(] f}f—'-l) .

Thix proves (£.12) by induction,
From the representationn ! 112y it tollows that dim O/(fi’) — [, Therefore

Is

dimO) () = Z l.. (1.13)




When we now apply ¢ L1301 i follows thar ¢ (f) > (O, /()" Bur [ is a local

paramceter ar v, therefore

O, 2= b dim Q) = = deg f (L11)

Now (??)?ilf(l (4.14) prove Theorem 1.

Proof of Theorem 2 \We denote Lo a local parameter at ;. Then TrOcenrs i
the Divizor (u;) with the coetclent 1 that 1=, (¢;) = @0+ D. where @; does not
oceur in D. Tean shift the sapport of D away ronr gL v that iso we can Mnd
a function f; such that these poinrs do nor ocenr in D 4 ( f;). This means that for
{; = u;[; the relations (195 hold. Let v € O. We set . {u) = 1;. By hvpothesis.
[, > 0. Forthe clement v = m‘l_l' : 7‘7 we lave ¢, (vy=0. foralli=1..... I,
from which it follows that v € O and ¢ ' 2 O Su we obtain a representation

(1.20) for u. It remains to verifv that O is a plincipal ideal ring. Let a be an

. o~ i inf / N -
ideal of Q. We get [, = e (u) and = £ ff:“ CThen ua™ € O that is.
e a
a C (a).
Lot us prove that @ = (a). To do this we denote by o the set of functions wa™?,
: . : - inf / )

v € «. Evidenrly « is an ideal of @ and cte () = 0. Ience for any
e a .

P=1..... r there oxists « u; € a for which v, (v;) = 0. that is. v; () = (.

. . N ] /
A obvions verilcation proves that Uy (¢)=07/=1.. .. r for the elemont ¢ =
Z}:] wilp.. by € "{he svmbol ¢, indicates that the corresponding fajethe

is ahsent). This means that e O. therctore

a9 « = (a). This proves the theoren. ‘
Now we turn to the proof of Theorem 3. First of all. we prove that O is a module
of Mnite type over O, For this pirpose we recall that according to Theorem 11
the mapping f i nife. There tore the point y has an af?ne neighbourhood 17
arel that the curve T7= f 1(V) is alko affine and rhat the ving A = kU] is a

module of fuite type over 13 = K[V As alwayvs, the embedding 3 C A is eflected

Iy the mapping f

Lemma. Tn the previous notation O = AQ, even il ¥ is not a normal cuve,

For if ¢ & O and = are the poles of 2 on U7, then fE)=u#y There exists
L finction i € B such that foty) = 0. b (y;) = 0. and ph € O hence ph € A

Sinee hmt e O, we have 2 € AO, So we lave proven that O C AO,. The



RN i Lo TR

reverse Einclusicon IS obvions, and the lenme is proved.

Now we can complere the proof of Theorem 30 Clearly, ecnerators of the module
A over K17 are at the same time generators of AQ, over O, Therefore ) is a
wodnle of Tnite tvpe. By the main theorem on wodnles over a main ideal ring.
O i< o direet st of 2 free module and a torsion module. However O, and O arce
contained in the Zeld A0\, from which it follows that this torsion module is zero
and that O = ¢ i lor sonie .

[t remains to determine m that iso the rank of O, T IS equal to the magimum
number of hnearly independent elements over @, contained in O. Sinee linear
independence over aring and over its lield of fractions is one and the same thing.
atl since the Veld of fractions of @, i~ (Y], we sce that e is equal to the
maximal number of lincarly independent elements of O over h(Y7).

By hvpothesis. (A (X)) 0k (1) = n.so that necessarily m < no Lt rewains to prove
that @ contains n linearly independent elemients relative to A(Y7) Let ag. ... a,
be a basis of 1he extension A(X)/A(Y). We denote by 7 thie maximum order
of the poles of the funcrions ;. at rhe points o and by ¢ a local parameter of
y.Evidently the functiohs a, /0 are regular at these points. hence are contained in
O. Consequently. they are linearly independent over 4}, This completes the
proof of the theoreny

- Bezout's Theorem on Curves. Here we give the simplest applications
of the theorent on the degree of a main Divizor. They are very special cases of
more seneral theorems. which we shall prove in connection with the theory of
intersection indices. However. it is convenlent to oive an account of these simple
cacos now. hoecause they will be usefnl for s in the next sithsection.

Lot X De a smooth projektive cuve, X C P, F a forma in the point coordinates
of B that is not identicallv zero o X and o a point on X

Wo have introduced the Divizor (F) ol Fon X The degree deg(F) of this
Divizor is also denoted by (X I7) and is called the intersection index of X with
the Tnpersurface Py

Theorem 1 leads af onee 1o all uportant colsequence: this nmunber is one and
the same for all formas of the same deeree,

For if deol = degby. then = I/ Fy € kX)), From the de?nition of the Divizor
(1) it follows at oice that (F) = (Fy) + (). henee (F)(Fy). By the corallary to

Theorem 1. degF = degFy.




To find out how the munber (X, F7) depends on the degree of the Forma £ it is
suf?cient to rake for I any forma of degree m = degl. In particular. we may set

F = L" where L is a linear lorma. Then

(N.F)=m (X.L) = (degF)(X. L) (4.15)

Finallv. we explain the meaning of the number (X. L). We have introduced the

concept of the degree degY of a curve X as then maximum number of points of
intersection of X" with a hyperplane not containing X.

Since (X.L) = > ;. te(L). we have degX < (X:L). Let us ?nd out when
v (F) =1 for the case of an arbitrary forma F. By virtue of the additivity of
the function v, (F) it is sufficient to consider the case of an irreducible forma.,
Lemma. Let X C P, I an irreducible forma. and Y = P§. The equality

v, (L)) = 11is equivalent 1o the fact that F () = 0. and 6,30, v Both these
spaces are regarded as subspaces of O, e

The prool comes [rom a comparison of some de’nitions. Let G be a forma for
which G(r) # 0. degl = degG. By de’nition, v, (F) = v.(f). where f =
(F/G)|y. We kuow that v, (f) > 1 is equivalent to the fact that f € m2. or,
what is the same. d.f = 0. But d,.f € O, y is also the restriction to @, y of
the differential d, (F/G) the function F/G. which is rational on P and regular
at . Thus, v, (F) > 11s equivalept to d, (F/G) = 0 on O, x. Furthermore,
F/G is a local equation of Y in a neighbourhood of »r in which G # 0. Therefore
d,(F/G) = 0 is the equation of OH. and d, (F/G) = 0 on @, x if and only if
O,y D Opx. We apply this to calculate the intersection index (X, L).

Since the number (X. L) is one and the same for all linear formas L. the number of
points T € X for which L (2) = 0 assumes its maximun when all the v, (L) = 1.
By the lemma this is equivalent to the fact that the hvperplane L does not touch
. Taking for I such a linear forma we “nd that

X at any point.

degX = (X, L) - (4.16)

[ onlv remains to verily that lincar formas with the required property actually
exist. This is casily done by means of arguments we have used many times: in
the product X x " ( where P is the space of hyperplanes in P7) we consider the

sot [ of pairs (1,&) such that € touches X at x. A standard application of the




theorem on the dinension of ?bres of mappines then proves that the image of I
~ —~ & =

Ih

nnder the projection X > F* — P is of codimension > 1.

Comparing (.15 and (4.19) we obtain the relation

(N.F) =degF o deg\  —ooe oo (4.17)

which is called Bezout s theorem. This theorem has many applications in elemen-
tary geonietry.

8. Cubic Curves. From the corollary to Theorem 1 it follows that all equivalent
Divizors on a smooth projektive curve have the same degree. Hence we can speak
of the degree of a Divizor class. We have therelore the homomorphism

deg : CUI{X) = Z

whose image is the whole group Z and whose kernel consists of the classes of
degree zero and is denoted hy CI°(X). The role of this group will already be
clear from the following result.

Theorem 4. A\ smooth projektive curve X is rational if and only-if

[

(X)) =0.

For if X =~ P! for n = 1. There we have seen that C1° (P]) =7 and hence
cr (P') = 0. Conversely. let C1°(X) = 0. This means that any Divizor of
degree zero is main. In particular. if r,y € X, =y, then there exists a fuu{’-tion
[ € k(X)) such that v —y = (f). Regarding f as a mapping X — P' we deduce
from Theorem 1 that k (X) = k(f). that is. f is a birational isomorphism. Since
X and P! are smooth projektive curves. f is an isomorphism.
Now we analyse the simplest case. when CU (X)) # 0.These are plane smooth
projektive curves of degree 3. We have scen such cwrves need not be rational: for
o. the curve with the equation 2% 4+ y° = T is nonrational. We prove that

exampl

all plane smooth projektive curves of degree 3 are non-rational. e shall now

make use of this fact. |
Theorem 5. We choose an arbitrary point g on a smooth projektive plane curve
X of degree 3 and
The mapping & — C, determines a one-to-

associate with any point x € X the class C; containing the
Divizor . — Xo.
one correspondence between points @ € X and classes C' € CI° (X).
IMe, =Cpo—to~ 4~ woand .~ y. From the proof of Theorem 4 it follows
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that for anv r # g thix would lead to the curve .\ being rational. whereas we
know that it is not.

Tt renains to prove that in any class C ol degree zero there is a Divizor ol the
forma v — +q. To begin with. let D be any cffective Divizor. We prove that there

oxists a point @ € X such that-

D ~x+lxg (1.1])

If degD = 1. then (4. 1&) is true with 7 = 0. I( degD > 1. then D = D'V,
degD '=drgD=1 )0, \_pp]\flno induction we way asste that (4.18) is prov ed for

DD Then D ~ y + =+ mag. 1f we can find a point @ such that

y+ o~ &2 (41.19)

then (-1.18; follows.

First let y # 2. We drasw the line through these points with the equation L=0.

By Bezout's s theoren (L.X) =3, and hence

(LYy=y+z+uu€X. (4.20)
\oxt we suppose that u £ g, and we draw the line through u and xy. with the
equation L, =0. Asin (4.20) we "nd that (L)) = utaxyg+2. Since (L) ~ (7 ) we

~
Lave y + = + 0~ -+ o+ 0 hence (4.19) follows.

1o still have to analyse the cases when y = z or u
the tangent to X af ¥. Let L = 0. be its equation. vy, ((L)) = 2 and therefore
2y + u. Thus. (4.19) also holds in this case. The case u = «xp is treated

(L) =2

similarly.

Now let degD = 0. Then D : D1~Do 1 >0,
ve see that Dy ~ y + 1.

= 1o If y = z. then we draw

D» > 0. degDy=degDs. Applying

(4.18) to D, and Dy 3 vo. Dy ~ =+ lagwith one and the

same . because degDr =degDy. Thercfore
D= D] - DQN}/—:,

and it 18 suf’(wnt to nd a point x for which y — z ~ & — 0. This is equivalent

to y+ro ~ v and is the same as (4.19) apart from the notation.
1 The Dimension of a Divizor. In § 1.5 we have associated with a Divizor D on
a smooth varyety a i

Theorem 6. The space £ (D) i

octor space L (D).
is “nite-—dimensional for any Divizor D on a smooth
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projekrive alechiaic orve,

First of all it 1= casv to rediee the assertion of the theorem to the cade

D>0. Folet D=D;—=Dy. Dy >0.D,>0. Then LDV C LDy if

fe LDy then (f) =D = Dy = D" hence (fY+ Dy = D" thar ix
[ e L£(Dy). This gives the reguired reduction. Now let 1) 2 0.

M

D =" oo, > 00 A the points e choose Jocal paraneters #;.

2ai=I
The condition [ € LD equivalent to ¢, (f) 2 = (i =1..... ).
pofr>0for = oo thatis [ £ t7hO,. =1, ry.fe O forr £ o
I view of all this we can consider the linear mapping
i
s LD)— @ 70,70,
(= |

that associates with o funetion f€ £(D) all its vesidue classes I the spaces
=10, (O, TE () = 0 hen € O (=10 and sinee [ € £D). we
have f € O, for % 2. Thercfore fis regular at all the points 2 € X Sinee X

i~ a projektive curve. siich a function must be a constant. Thus. the keruel ol 2

i< Jo. hence one-dimensional. To prove that £(D) is Mnite-dimensional it remains

to verifv that the =pace
;
@ "0, /O 05 finite-dimensional. Obvionsly multiplication hy £

~

=1

determines an isomorphisn /7, A, 0

=@, 1O, and in the proofof Theorem

e

It

2 vee have scen that the space O /170, s of finite dimension . Thus, @ 770,
ix a direct =wm of finite- dimensional spaces.

hence itgell 7nite-—- dimensional

Together with the proof of the theorent we Lave obtained the estimate

diml (D) < deegD -+ 1 for 2 =0




4.2  Commutative algebra approach to Fujita prob-

lem

Article i dedieated to Trjita problem 3], one of algebraic geometry problem.
which 1= <rill upen <inee TOST. o

N ix swootls projective ¥ variery of ditension . [gita 1)1()])1( 11 states:

Statement 1. I/ XN s minimal ravicly of gencral type. Then lincar system
N has global gercration whor e 20+ 2.

Statement 2. [/ A o wmplc and ineertible sheave on Nothen livcar system
mAKy +(n+ 1) A] has ylobal geucration and Iy 4 (n o+ 2)AL s eery ample
on N. [1]

For surfaces the Fujita conjecture follows from Reider’s theorem.

For three-dimensional algebraic varieties IYin and Lazarsfeld in 1993 proved
e first part of the Fujita conjecture. e, that m-4 implies global generation.

o use comurarive algebra.

Connmntative algebra approachh 1= using tieht closuwre and allows u= to prove
Lieorent i arbitrary characteristic without the use of desingularization or van-
ixhine theorenis.

e show that X not e simooth. F-rationality is suflicient,

Also line hundle Lonot be very qupled it is sufficient that the complete inear

fines a gencrically (inite map to proper subvariety ol a projective

space of drmlL |12
Theorem 1. X ix projectice and Forational and dim X = d. complete linear

system Fodefines a ge nevically finite map to proper subvariely of a projeclice space
of dim L then Iy + dL is globally-yene vated wiless N — PUand L is hyperplane
hundle.
Lemma 1. 1T following conditions arc cquicalent
1) rellexive sheave Oy s globallyv eenerated
| 2) there exists an integer N <ich that every element of local cohomology mod-
i nle of 79 of degree less ’
(hen N has non-zero multiple of degree -
Lemma 2. If a local ving (R m) of prane charactervistic and dimension d+1
i< Ferational on s puncturid speclimm then Hhe tight closure of the zero module

1+ 1 N
i the local cohomology modulc HT W las finide length.

r
j




Lemma 3. Let R be a normal N-graded ring over perfect ficld of p7"i:m‘€ char-
acteristic p. and let Iy and Iy be ideals of R generated by homogeneous elements
of degrees striclly less than & and greater than or equal to § respectively.Let z be an
clement of R homogeneous of degree 5. Then if =z € (I + )", than =z € I} + .

Proof of the Main Theorem 1.

\Ve can assume that section ring S is graded ring of prime characteristic. -

X is F-rational follows S is F-rational on its punctured spectrum SpecS,.

By Lemma 1 this means local cohomology module H ,‘,’,“” I has finite leﬁgth. v

So exists N such that tight closure of the zero lies in submodule, generated by
elements of degree N and higher. '

So if v is homogeneous element of £ 4+l of degree—n<min(N, —d — 1) then
1 is not tight closure of the zero.

WWe need to show that v has non-zero multiple of degree -d.

Suppose this is not true. so S,—q kills 1.

Because L globally generated. S admits a system ol parameters of degree one

Lo, 1.0 o 4d
H ,‘,1,— L=Cokero:S,/r © Sirey & Sujey = S.

where x=xoly - Xd

500 o -“'d«?f,fy) _ Z (- l)jsirztf
o al AR ; X!

It is well known fact that an clement [Z] is in tight closure of the zero module

Hd~|-1

1t
if and only if z is in tight closure of the ideal (xf.2d, -+ ) in 5.
o we have an element of local-cohomology module of type [47],
n—d . ,
where w € (ah. vh. -+ .ah)" " s equal to zero.
. JO LT

3 Aty gT0 Y 11;’
Thus we assume V= S i

u,‘::.zjffj"' 1'“’0;,1] sl
Y Aart ! \
\‘T\I(i‘ hﬂ\'l;‘, Cl@gl(}:n — d and wy= [___1!_"___] - [_S] — 0
g ./ P _[ J N
Hence s € (b, at. -+, 2q)
But since s has degree 1 then by Lemma 3 s € (f. 2. .xh).

Using that s is arbitrary element of degree 1 then we can choose s is not n

1




linear systein ,
spanned by g, which is possible if dimH(X. L) >d + 2.
Il L is very ample then dimH U%X.L) >d + 2 except case L=0(4.18).
The cibedding of X given by complete linear system L would be isomorphism
X — P : e :




5. Conclusion

The surfaces of the Fujita hyvpothesis were confirmed by Igor Reider. In my

paper. T generalize the result for X of a non-smooth projective variety, but F-.

rational.
[ aim using the methods of conmutative algebra and dense closure definitions,

if Fujita hypotheses are true for a smooth projective variety. then this is true for

the more general case of F-rational ones.

16
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